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Abstract— Although the Direct Form is still widely used
in IIR digital filter design, this structure is known to have
a high coefficient sensitivity and to produce high levels of
quantization noise. Even if only second-order sections are
used to design higher order filters, the sections with poles
close to the unit circle and/or with angles close to 0 orπ have
unacceptably high noise levels, specifically in fixed-point ap-
plications. As an easy alternative for the second-order Direct
Form we present the second-order Direct Wave Form. Com-
parable to the Direct Form, this structure uses only five mul-
tipliers which are directly linked to the five coefficients of
a general second-order transfer function. It is shown how
the Direct Wave From can be properly scaled with anL2

scaling measure as well as with the more conservativeL∞
scaling measure. It is then shown, by looking at the second-
order modes of a general second-order transfer function that
the Direct Wave Form has a superior noise behaviour that is
close to being optimal (within 3dB). The Direct Wave Form
is also shown to be overflow stable and free from limit cycles.

Keywords—Digital filter design; wave digital filters; quan-
tization noise; scaling, second-order modes.

I. I NTRODUCTION

When designing higher order IIR filters, it is common
practice to implement them as a cascade or parallel con-
nection of second-order sections with transfer functions of
the general form

H(z) =
dz2 + ez + f

z2 − az − b
, (1)

having five degrees of freedom. These sections are then
implemented as second-order Direct Forms where the five
degrees of freedom appear as multipliers in the signal flow
graph. For those sections, however, that have poles close
to the unit circle and/or with angles close to 0 orπ, the
coefficient sensitivity and the quantization noise become
unacceptably high, specifically in fixed-point applications.
Alternative solutions are then looked for [1], such as the
Normal Form and the Optimal (i.e. minimum-noise) Form,
both of which use extra degrees of freedom to achieve a
better sensitivity/noise behaviour at the cost of extra mul-

tipliers and a less straightforward design, since the one-on-
one relation between the values of the multipliers and the
coefficients of the transfer function is lost.

In Section II the Direct Wave Form (DWF) is presented
as an easy alternative for the Direct Form that is as straight-
forward to design and uses no extra multipliers. The DWF
has a superior coefficient sensitivity and a noise behaviour
that is close to that of the Optimal Form. In order to scale
the structure to prevent overflow, two scaling multipliers
are introduced, the values of which are given in closed
form using anL2 (Section II) and anL∞ scaling measure
(Section IV). These extra multipliers can be given power-
of-two values (to be implemented as shift operations), so
the number of multipliers need not increase. As a quality
measure for the noise behaviour the noise gain of theL2-
scaled structure is used, i.e. the scaled power gain of the
quantization noise at is its source (q2/12) to the output.
In Section III a simple proof that uses the second-order
modes of the generalH(z) is given to show that the DWF
has a noise gain that cannot exceed the minimum noise
gain of the Optimal Form by more than a factor two.

II. T HE DIRECT WAVE FORM

In order to arrive at the Direct Wave Form, we start with
Direct Form II (DF2) that has a state-space description

s[n + 1] = As[n] + Bx[n], y[n] = Cs[n] + Dx[n],

wheres = (s1, s2)t is the state vector and the four matrices

areA =

(
a b
1 0

)
, B =

(
1
0

)
, C = (e + ad, f + bd),

D = (d), to realize the transfer function given by (1).
For use in our noise calculations, we also look at the

controllability matrixK =
∑∞

k=0(A
kB)(AkB)t and the

observability matrixW =
∑∞

k=0(CAk)t(CAk). On the
principal diagonals of these matrices are the power gains
from input to state and from state to output, respectively
(and the cross-power gains on the off-diagonals) [2]. The
scaled noise gain, to be used as a quality measure, is then

G = K11W11 + K22W22. (2)
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For DF2,K andW can be given in closed form [1]:

K =

(
1− b a

a 1− b

)
(1 + b)(1− a− b)(1 + a− b)

(3)

andW has entries

W11 =
(1− b)(c2

1 + c2
2) + 2ac1c2

(1 + b){(1− b)2 − a2}
, W22 = b2W11 + c2

2

W12 = W21 =
ab(c2

1 + c2
2) + (1− a2 − b2)c1c2

(1 + b)(1− a− b)(1 + a− b)
, (4)

wherec1 andc2 are the elements ofC = (e+ad, f +bd).
Note, incidentally, thatW11 is just equal to the quadratic
form CKCt, and thatW22 can also be written asW11 −
{(1− b)c1 + ac2}2/{(1− b)2 − a2}, soW22 ≤ W11.

The Direct Wave Form arises from a state transforma-
tion (a rotation in the state plane) applied to DF2. It has a
recursive part that is remindful of a wave digital filter [3],
hence the designation. The state description follows from
the matricesA , B , C , D of DF2 via a similarity trans-
formationAw = T−1AT , Bw = T−1B, Cw = CT and

Dw = D, whereT is taken as12

(
1 −1
1 1

)
. We find:

Aw =

(
1− γ1 −γ2

γ1 −1 + γ2

)
,Bw =

(
1
−1

)
,

Cw = (η1 − γ1d, η2 − γ2d) and Dw = (d), (5)

whereγ1 = 1
2(1 − a − b), γ2 = 1

2(1 + a − b), and where
η1 = 1

2(d + e + f), η2 = 1
2(d − e + f). Fig. 1 depicts

the Direct Wave Form, which is as yet unscaled and uses
only five multipliers directly related to the five coefficients
of H(z), as does the Direct Form. Incidentally, apart from
a factor 1

2 , the γ’s are simply found from evaluating the
denominator ofH(z) atz = ±1, whereas theη’s are found
from the numerator atz = ±1.

In order toL2-scale the DWF, we need to calculate its
controllability matrix, which proves to be diagonal:

Kw = T−1KT−t =

(
4γ2 0
0 4γ1

)
4γ1γ2(2− γ1 − γ2)

, (6)

where the denominator is the same as that ofK in (3), as
governed by the stability triangle of a Direct Form in the
(a, b)-plane:1+b > 0, 1−a−b > 0, 1+a−b > 0. For the
DWF, the region of linear stability is also a triangle in the
(γ1, γ2)-plane given by:γ1 > 0, γ2 > 0, 2−γ1−γ2 > 0.
In Fig. 2 theL2-scaled DWF is drawn, where two extra
multipliers1/

√
Kw11 and1/

√
Kw 22 are introduced.
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Fig. 1. Unscaled Direct Wave Form, where the multipliers are
given byγ1 = 1

2 (1−a−b), γ2 = 1
2 (1+a−b), η1 = 1

2 (d+e+f),
η2 = 1

2 (d− e + f), realizing the general transfer function (1).

In essence, the scaled DWF of Fig. 2 is the same as the
Wave Digital Form derived in [1]. The difference is that in
the DWF the non-state nodex[n] − γ1s1[n] − γ2s2[n] is
used explicitly to create the outputy[n] via the coefficient
d, much in the same way as the non-state nodes1[n + 1]
in DF2 is connected to the multiplierd to computey[n]. In
this sense, the DWF is much more analogous to the Direct
Form, hence the designation. Also, theη’s in Figs. 1 and 2
are more directly related to the coefficients ofH(z) than
the elements ofCw, which would appear as multipliers if
y[n] were computed in the normal ‘state-space’ way with
d directly connectingx[n] andy[n].
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Fig. 2. L2-scaled Direct Wave Form, where the extra scaling
multipliers are given by1/

√
K11 =

√
γ1(2− γ1 − γ2) and

1/
√

K22 =
√

γ2(2− γ1 − γ2), as determined byKw in (6).
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And finally, more so than the Wave Digital Form in [1],
the DWF is a universal ‘biquad’, i.e. an IIR second-order
section to create the standard filter types in a generic way.
For example, takingη1 = η2 = 0 creates a bandpass filter
(zeros at±1), while high- and lowpass filters result from
eitherη1 = 0, orη2 = 0. Next, if we taked = −1

2(1+b) in
the bandpass solution and addx[n] to the output, a band-
stop filter is created with transfer function

−1
2(1+b)

z2 − 1
z2 − az − b

+1 =
1
2(1− b)z2−az + 1

2(1− b)
z2 − az − b

,

(7)
which has unity gain at the frequency edgesϑ = 0 andϑ =
π and a stop frequencyϑ = arccos{a/(1− b)}. Likewise,
takingd = −(1 + b) and addingx[n] to the output results
in a unity gain allpass filter:

−(1 + b)
z2 − 1

z2 − az − b
+ 1 =

−bz2 − az + 1
z2 − az − b

. (8)

So, the filter types bandpass, bandstop and allpass use only
three multipliers in the unscaled structure and five in the
scaled version (sinceη1 = η2 = 0).

III. N OISE GAIN AND SECOND-ORDER MODES

The noise gainGw = Kw11Ww11 + Kw 22Ww 22 of the
DWF can be shown to be near-optimal without actually
calculating it. Due to the fact thatKw is diagonal, we
can also writeGw = tr(KwW w), where tr(·) denotes the
trace of a matrix, i.e. the sum of the elements on its princi-
pal diagonal. Since under a state transformation with any
(regular) matrixT the product matrixKW is subject to
a similarity transformationT−1(KW )T , its eigenvalues
(denotedµ2

1 andµ2
2), trace and determinant are invariant.

The square rootsµ1 andµ2 of these positive, real eigen-
values are called the second-order modes ofH(z), since
they are determined only by the transfer function and do
not change with any specific state-space realization. From
[2] we know that the optimal gain is12(µ1 +µ2)2, whereas
Gw = µ2

1 + µ2
2, since the trace of a matrix is the sum of

its eigenvalues. SoGw cannot exceed the optimal gain by
more than a factor two, the worst case of 3dB occurring if
µ1µ2 ↓ 0, whereasGw is optimal ifµ1 = µ2.

While it is good to know that the DWF is near-optimal,
it is still nice to have explicit expressions for its noise gain,
as well as for the second-order modes. To that end we can
useK andW of DF2 as given by (3) and (4). Starting
with the noise gain,Gw is given by

tr(KW )= µ2
1 +µ2

2 =
g1c

2
1 + g2c

2
2 + g3c1c2

(1 + b)2(1− a− b)2(1 + a− b)2
,

where

g1 = (1 + b2){(1− b)2 − a2}+ a2(1 + b)2,

g2 = 2{(1− b)2 − a2}+ a2(1 + b)2, (9)

g3 = 2a{(1− b)2 − a2}+ 2a(1− b)(1 + b)2.

Next, knowing the sum of the eigenvalues, we calculate
their product in order to determineµ1 andµ2 separately:

det(KW ) = µ2
1µ

2
2 =

(−bc2
1 + c2

2 + ac1c2)2

(1 + b)4(1− a− b)2(1 + a− b)2
,

(10)
where the algebra is not as cumbersome as it might seem,
sincedet(KW ) = det(K) det(W ) and det(K) from
(3) is simply(1 + b)−2(1 − a − b)−1(1 + a − b)−1. The
surprisingly nice square numerator of (10) also allows us
to take its square root for a compact expression forµ1µ2.
The optimal gain12(µ1+µ2)2 then is1

2Gw+µ1µ2, whereas
1
2(µ1−µ2)2 is 1

2Gw−µ1µ2. Combining one with the other
leads to closed-form expressions forµ1 andµ2:

µ1,2 = 1
2

√
Gw + 2µ1µ2 ± 1

2

√
Gw − 2µ1µ2. (11)

To conclude this section, let us look at the caseµ1 = µ2

more closely, since the DWF is optimal in this case. De-
velopingµ1 − µ2 =

√
Gw − 2µ1µ2 leads to the strikingly

simple result

µ1 − µ2 =
|(1− b)c1 + ac2|

(1− a− b)(1 + a− b)
, (12)

soµ1 = µ2 if (1−b)c1+ac2 =(1−b)e+a(d+f)=0. The
most useful way to do this, is to takee = 0 andf = −d,
or equivalently,η1 = η2 = 0. So, the DWF is optimal in
case of a bandpass, a bandstop, or an allpass filter. Stated
more generally, the DWF is optimal in case of a bandpass
transfer function plus an arbitrary constant, which includes
the bandstop case (d = f = 1

2(1 − b), e = −a) and the
allpass case (d = −b, e = −a, f = 1). Incidentally, (12)
holds only if−bc2

1 + c2
2 + ac1c2 > 0, which is true for

any practical filter. First of all, for complex poles we have
−b > a2/4, so−bc2

1 + c2
2 + ac1c2 is always positive and

secondly, in the real-pole case, the value zero is crossed
only if one of the zeros ofH(z) crosses a pole on the real
axis (soµ1µ2 6= 0 as long as the system is second-order).
The resulting system has alternating real poles and zeros,
and its second-order modes can no longer be equal.

If µ = µ1 = µ2, the product matrixKW is diagonal,
and soKW = µ2I, whereµ = |d|/(1 + b), since with
e = 0 andf = −d, the matrixW simplifies to

W =
d2

1 + b

(
1− b −a
−a 1− b

)
(13)
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and similarly,W w of the DWF becomes diagonal:

W w = T tWT =
d2

2− γ1 − γ2

(
γ1 0
0 γ2

)
. (14)

The noise gain is thenGw = 2d2/(1 + b)2. So, if we take
d = 1

2(1+b) to make a bandpass filter with maximum am-
plitude unity at center frequencyϑ = arccos{a/(1 − b)}
(cf. Section II), its noise gain and its second-order modes
are 1

2 . The same values hold for the bandstop function (7),
whereas the allpass filter (8) has second-order modes unity
and noise gain 2, since we need to taked = −(1 + b). The
fact that the noise gain of these filters does not depend on
the pole angles is very remarkable. Even at extreme angles
the noise behaviour of the DWF stays the same, whereas
Direct Forms become increasingly noisy.

IV. L∞-SCALING OF THEDWF

It is important to realize thatL2-scaling only guarantees
that the state variables in a system have the same variance
as the input signal, so it is a statistical scaling measure: a
low probability of state overflow is ensured only if the in-
put signal is sufficiently arbitrary (random) and wide-band,
because the variance is determined by the average power
spectrum. If we know the input signal to be narrow-band
or even sinusoidal at varying frequencies (all of course de-
pending on the specific application), we must normalize
the two frequency responsesF1,2(ejϑ) from input to state
to unity at their maximum amplitudes. This is known as
L∞-scaling, denoted as‖F1,2‖∞ = maxϑ |F1,2(ejϑ)|= 1.
L∞-scaling is more conservative thanL2-scaling, since it
can be shown that‖F‖∞ ≥ ‖F‖2. As an example, let us
look at the transfer functionF3(z) from the input of the
DWF to its non-state node

F3(z) =
z2 − 1

z2 − az − b
, (15)

which we have already seen to have a maximum ampli-
tude response of2/(1 + b). Calculating itsL2-norm with√

1
2π

∫ π
−π |F3(ejϑ)|2dϑ results in‖F3‖2 =

√
2/(1 + b), so

‖F3‖∞ =
2

1 + b
≥ ‖F3‖2 =

√
2

1 + b
. (16)

If we were to scale the non-state node, we would need
to precede it with a multiplier having the inverse values of
(16) for eitherL∞ orL2-scaling. The question of course is:
would it not be prudent (or even necessary) to do so? Al-
though it is common practice to use extra bits (double pre-
cision) for the summation nodes as compared to the state
variables, it may take quite a few bits to accommodate the

large signals that would result fromb close to−1 (i.e. poles
close to the unit circle). So, to answer the question: it all
depends on whether there are enough bits available for the
non-state summation node in a specific design.

Fig. 3 shows theL2-scaled DWF with scaling for the
non-state node included. The extra scaling multiplier is
denoted1/

√
K33 = 1/‖F3‖2 =

√
(2− γ1 − γ2)/2, in

imitation of the scaling multipliers for the state variables,
which now appear as

√
2γ1 =

√
K33/

√
K11 and

√
2γ2 =√

K33/
√

K22. Even though the number of multipliers has
gone up, Fig. 3 has a certain elegance and may even be
preferred over Fig. 2, because all four multipliers around
the state update now have finite ranges:0 <

√
2γ1,2 < 2,

0 <
√

γ1,2/2 < 1.
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Fig. 3. L2-scaled DWF, where the extra scaling multiplier for
the non-state node is given by1/

√
K33 =

√
(2− γ1 − γ2)/2.

In much the same way, we canL∞-scale the DWF with
or without inclusion of the non-state node. In Fig. 4 the
L∞-scaled DWF is drawn, whereσi denotes‖Fi‖∞, so
σ3 = 2/(2− γ1 − γ2), and where we can choose to forgo
scaling for the non-state node by lettingσ3 = 1. It only
remains to determineσ1 andσ2 from

F1,2(z) =
±z + 1

z2 − az − b
, (17)

the transfer functions from input to state of the unscaled
DWF. Regrettably, the result is not as simple an expression
as found forσ3. Some algebra yields:

σ1 =
1

(1− ρ)
√

2ρ + γ1 − γ2
if 2ρ>γ2 else σ1 =1/γ1,

(18)

σ2 =
1

(1− ρ)
√

2ρ− γ1 + γ2
if 2ρ>γ1 else σ2 =1/γ2,

(19)
whereρ =

√
−1 + γ1 + γ2.
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A few remarks on this result are in order:σ1 andσ2 are
given in terms ofγ1 andγ2, instead ofa andb, as are all the
scaling parameters for the DWF (Figs. 2 and 3). Here, this
is particularly useful because the conditions2ρ > γ1,2 are
best viewed in the(γ1, γ2)-plane, where we already have
the stability triangleγ1 > 0, γ2 > 0, 2−γ1−γ2 > 0 with
angular points(0, 0), (2, 0) and(0, 2). The boundary case
2ρ = γ2 can also be written asγ1 = (1− 1

2γ2)2, which is
a parabola with tangent linesγ1 =0 andγ1 +γ2 =1 (ρ=0)
touching in(0, 2) and (1, 0), respectively. Likewise, the
boundary2ρ = γ1 is the parabolaγ2 = (1 − 1

2γ1)2, with
tangent linesγ2 =0 andγ1 + γ2 =1 touching in(2, 0) and
(0, 1), respectively. These parabolas mark the transition of
the amplitude responses|F1,2(ejϑ)| from having their max-
imum at the frequency edgesϑ = 0 or π to some interme-
diate frequency. And indeed, as we would expect from the
latter, the region2ρ > max(γ1, γ2), where the left-hand
sides of (18) and (19) hold, is roughly equal to the region
of complex poles(2−γ1−γ2)2 > 4γ1γ2, or −b > a2/4.
Note, that in this regionρ =

√
−b is just the pole radius.
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Fig. 4. L∞-scaled Direct Wave Form, whereσ1 andσ2 are given
by (18) and (19), and whereσ3 is either2/(2 − γ1 − γ2) or 1,
depending on whether or not the non-state node need be scaled.

Finally, a note on scaling multipliers. In practice, we do
not need to implement exact values, since scaling is not an
exact science anyway; just choosing betweenL∞ andL2-
scaling already leads to quite different results. So, we can
round off1/σ3, σ3/σ1 andσ3/σ2 in Fig. 4 to the nearest
powers of two (shift operations). As such, the DWF can be
implemented with just five multipliers. Incidentally, in the
region of complex poles, a good approximation forσ3/σ1

andσ3/σ2 is given byσ3/σ1,2 ≈
√

2γ1,2, holding forρ →
1. So, the two multipliers leading up to the state nodes have
about the same values as in theL2-scaling case of Fig. 3
and will in practice be rounded to the same powers of two.

This then also means that we can use the same central
core of the DWF for bothL∞ andL2-scaling by dividing
the three multipliers leading up to the output summation
node byσ3 and adding an output multiplierσ3 to compen-
sate. As a result, theη-multipliers are accompanied by the
same factorsσ1,2/σ3 as theγ-multipliers, i.e. power-of-
two values of1/

√
2γ1,2, anddσ3 just becomesd. So, apart

from the input scaling factor (1/σ3 or 1/
√

K33) and its in-
verse at the output, the DWF uses the same five multipliers
(together with two shift operations to scale the state nodes)
for L∞ andL2-scaling. Note that1/σ3 is just a shift over
twice the number of bits as1/

√
K33, as determined by the

power-of-two values of(2−γ1−γ2)/2 and its square root.
An intermediate shift could also be used as middle ground.

V. CONCLUSION

The Direct Wave Form is an easy-to-design, virtually
optimal second-order digital filter structure. It combines
the straightforwardness of a Direct Form in using only five
trivial multipliers, with all the advantages of an optimized
state-space form: it has low coefficient sensitivity and near-
minimum noise, it is overflow stable and free from limit
cycles (cf. Appendix), it is scalable in an easy, calculable
way and it can serve as a universal biquad. So why ever
use a different structure than the Direct Wave Form?

APPENDIX

If the state matrix of a second-order digital filter struc-
ture satisfies the condition [2]

|a11 − a22| ≤ 1− det(A), (20)

there exists a positive function or normP (s) of the state
variables,P (s) = |a21|s2

1 + |a12|s2
2, that is non-increasing

with the state transition, or equivalently,P (As) ≤ P (s).
If the system has non-linearitiesf(s) for quantization, or
F (s) for overflow correction, that are norm-decreasing, the
system will be zero-input stable, i.e. it will reach the zero
state if the input is set to zero, sinceP =0 for s=0 only.

The DWF satisfies (20) with equality, so it is overflow
stable (for any overflow control mechanism) and free from
limit cycles (if truncation is used for the quantizers). The
fact that (20) is only met with equality means that states on
the lineγ1s1+γ2s2 =0 satisfyP (As) = P (s).
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