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Abstract—We analyze the evolution of the vortex part |l. WIGNER DISTRIBUTION MOMENTS AND ORBITAL
of the orbital angular momentum during its propagation ANGULAR MOMENTUM
through separable first-order optical systems. We obtain
that the evolution of the vortex part depends only upon the Let partially coherent light be described by a temporally
parameters a,, ay, bz, and b, of the ray transformation stationary stochastic proces§(z,y:t); as far as the

matrix, and that isotropic systems with the same ratio time dependence is concerned, the ensemble average of
b/a produce the same change of the vortex part of the P ' 9

orbital angular momentum. Finally, it is shown that when the productf (1, y1; t1) f* (w2, y2; t2), where the asterisk
light propagates through an optical fiber with a quadratic ~denotes complex conjugation, is then only a function of the
refractive index profile, the vortex part of the orbital angular  time differencet; — ¢:
momentum cannot change its sign more than four times per
perIOd. E{f(xlv Y1 tl)f*(x27 Y2; tQ)} = 7('%'17 Y1,22,Y2; tl _t2)
Keywords—Wigner distribution, phase space signal 1)
description, optical beam characterization, partially The function~y(z1, y1, 22, yo; 7) is known as the mutual
coherent light, orbital angular momentum, vortex, twist coherence function [7-10] of the stochastic process
f(z,y;t). The mutual power spectrum [9, 10] or cross-
I. INTRODUCTION spectral density function [11]'(z1,y1,z2,y2;w) IS

During the last decade the concept of the orbital anguldffined as the temporal Fourier transform of the mutual
momentum (OAM) has been applied for the description dfoherence function:
coherent optical vortex beams [1,2]. In recent publications -
[3, 4] it has been suggested to decompose the OAM intg(xl’yhx%y%w) = / y(z1, Y1, T2, y2; 7) 9T dr.
two parts: the asymmetrical OAM and the vortex OAM. —00
The first part describes an astigmatic beam but with a (2)
smooth wave front, while the second one is related to the>' *1 = *2 = &4 = 12 = U, the cross-
singularity of the wave front (screw dislocations). spectral density function reduces to the (auto) power

In this contribution we study the evolution of thespectruml“(x,y,:n,y;w), which represents the intensity

asymmetrical OAM and vortex OAM of linear polarized,_dlsmbuuon of the light for the temporal frequency Since

. . . : in the present discussion the explicit temporal-frequency
partially coherent beams during their propagation throug : .

. : dependence is of no importance, we shall, for the sake of
separable first-order optical — also calletiBCD - . . .
systems convenience, omit the temporal-frequency variabfeom

It has recently been reported that some partiall'glhe formulas in the remainder of the paper.

coherent fields also exhibit the vortex behavior [5].

Taking into account that the concept of the OAM can b@a. Wigner distribution and its moments

generalized to the case of partially coherent beams [6], the

results of this study can be applied to both the completely The Wigner distribution [12, 13] of partially coherent
coherent and the partially coherent case. light is defined in terms of the cross-spectral density
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function by omitted for the sake of convenience. The asymmetrical part
A, and the vortex park, of the OAM, can then be written

W(x’u;y’v):/ / e+ 3o,y + by, as [4, Egs. (22) and (21)]

A, = [(Hzooo - Moozo)(ﬂwm + Mono)
— 2p1010(#1100 — H0011)]/ (142000 + 0020) (7)

A distribution function according to definition (3) was first Ay = 2 [10020/41001 — £2000/40110

introduc_ed in opf[ics by Walther [14, 15], who called it the + p1010(p1100 — poo11)]/ (12000 + fo020), (8)

generalized radiance. The WLV (z, u; y,v) represents

partially coherent light in a combined space/spatiarespectively; note that we have,+ A, = A. We remark

frequency domain, the so-called phase space, wherethatthe vortex pard, is closely related to the optical twist

is the spatial-frequency variable associated to the spafedefined as [16]

variablex, andv the spatial-frequency variable associated

to the space variablg T = 0020441001 — H2000440110+ (1010 (41100 — Ho011)- (9)
The treatment in this paper is based on the normalized

moments of the WD. where the normalization is with Note that, whereas the OAM is related to the
oments of the ’ ere he hormalization 1S asymmetrical part of the submatrR, the twist is related
respect to the total enerdy of the signal:

to the asymmetrical part of the matrix product [16]

E= / / / / W(z,u;y,v)dx dudy dv. (det R)R'P

_ (4) _ Hoo20 —H1010 H1100  H1001
These normalized momenis,,.; of the WD are thus —11010 2000 Ho110 Mool |

defined by

. / /
v — Ly — 1y o—J2m(ux +Uy)dx/dy’. 3)

Hence, with

00 0 oo e 0 -1
NpqrsE:/ / / / W(%,U, y,’U) J = |: 1 0 :| ’

x 2Puly"v® dxdudydv  (p,q,7,s >0). (5) we canwrite

In the present paper we restrict ourselves to the ten second-A = Sp(PJ), (10)
order momentsp + ¢ + r + s = 2, which are usually (det R) Sp(R™1PJ) Sp(R™'PJ)
combined into a positive-definite symmetrig 4 matrix Sp(R) Sp(R™)
#2000 f1010 H1100 /41001 C. Example: Partially coherent Gaussian light
M = | #1010 Hoo20  Holio Hoolr | _ [ Rt P ] : As an example we consider the most general, partially
H1100  H0110  H0200 40101 P Q

coherent Gaussian light, which can be expressed by means

H1001  foo1l  Holo1  H0002 of its cross-spectral density function as

whereR, Q, andP are the %2 submatrices composed of 1

the pure space moments, the pure spatial-frequencyl’(z1,y1,22,12) = ['(r],r}) = —/det G;
moments, and the mixed space/spatial-frequency . T .

moments, respectively. Moreover, without loss of exp [ —1 [’"1 + 7’2] { Gl . _ZH} [7'1 + ’"2] 7
generality, we assume that the four first-order moments tlri—re] |iHY Ga | [r1—7o
1000 10100, 0010, @NdLig001 Are zero. (12)

B. Orbital angular momentum where we have chosen a representation that enables us to

The OAM A of an optical beam can be expressed iﬁietermme the Wigner distribution function of such light
. n an easy way. The exponent shows a quadratic form
terms of the second-order moments of its WD as [4, . : , .
Eq. (3)] I which a 4-dimensional column vectd(r; + r3)°,

(r1—79)!]! arises, together with4x 4 symmetric matrix.
This matrix consists of four real x 2 submatrices=,
in comparison to [4], a mere constant in which the total?,, H, and H!, where, moreover, the matric€s, and
energy of the light and the speed of light appear, has beék (as well as the matrixz, — G1) are positive definite

A = p1001 — fo110; (6)
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symmetric. The special form of the matrix is a direc{25] that relates the position, y and directionu, v of an
consequence of the fact that the cross-spectral densityojgtical ray in the input and the output plane of the first-

a nonnegative definite Hermitian function [10, 11]. order optical system,
In a more common way, the cross-spectral density of
Gaussian light can be expressed in the form Zout Tin
Yout | _ [ A B ] Yin
F(”"lv T2) - lm Uout C D Uin
7T1 . Vout Vin
x exp{—j(r1 —r2) (G2 — G1)(r1 —r2)} a 0 b, 0 i
x exp{—571[G1 —i5(H + H")|r1} 10 ay 0 by Yin (19)
x exp{—37r5[G1 + i5(H + H")|ro} |l e 0 dy O Uin |’
x exp{—grii(H — H")rs}. (13) 0 ¢ 0 d Yin

Note that the asymmetry of the matrB{ is a measure where for separable system the four submatri¢e®, C,

for the twist [17—19] of Gaussian light, and that generaﬁndD are diagonal. For separable systems, symplecticity
Gaussian light reduces to zero-twist Gaussian Schelgads simplyi,d, — bszc, = 1 andayd, —byc, = 1. Note
model light [20, 21], if the matrixH is symmetric, thatin afirst-order optical system, with such a symplectic
H — H' = 0. In that case the light can be consideredy transformation matrix, the total energy see Eq. (4),

as spatially stationary light with a Gaussian crosdS invariant.
spectral densityxp{— (rl_r2) (Go— G1)(r1 —12)}, The normalized moment;a},‘;’gﬁS of the output WD
modulated by a Gaussian modulator with modulatloWout(x u;y,v) are related to the normalized moments
functlonexp{—ir (Gl — ZH)’I"}. Npqrs Hpgrs of the Input WDVVin(l‘,U;y,’U) as

The moment matrix of Gaussian light takes the form

t [e.e] o0 [e.e] oo
M E = Wout(x, u; y, v
G;! GI'H Hpars /_oo /_oo /_oo /_oo oul, ;3 v)

14
HtG‘ G, +H'G'H (14) x rPuly"v® dr dudy dv

and hence = / / / / Win(dgx — byu,

M = 1

-1
- %gll}{ 15 —Cp T + agu; dyy — byv, —cyy + ayv)
D (15) x zPuly"v® dx du dy dv
Q=35G2+H'G H).
| :////mnw,>
The OAM of such light thus reads
2T + by 2T+ dy
A = Sp(PJ) = Sp(G;HJ) (16) X (as7 + bow)"(cow + dy)*
X (ayy + byv)" (cyy + dyv)® dz du dy dv
and its vortex part can be expressed as P49 r s
-2 ()0 G)
A = (det R) Sp(R_IPJ) - Sp(HJ) (17) k=0 =0 m=0n=0 m "
’ Sp(R) Sp(G1) - X al Rk di-lar =y s
[1l. M OMENTS EVOLUTION IN SEPARABLE X kel g—I+k,r—mtn,s—ntm- (20)

FIRST-ORDER OPTICAL SYSTEMS
We remark that for Fourier transforming systems, the

It is well-known that the input-output relationshipq it moments are related to the input moments by the
between the WDV, (z, u; y, v) at the input plane and the simple relationships

WD Wou(z, u; y, v) at the output plane of a separable first-

order optical system reads [22-24] PO gy = pgprs(— 1)1 R,
Hoars |FT, = Hpgsr(—1)° by %, (21)
WOUt(xa uy, U) = VVIn(dxx — byu, —CT + azu; Mzg;s ‘FTz,y = :U’(Ipsr( )q+s i qbz—s7

dyy — byv, —cyy + ayv). (18) .
Y Y Y W) where FT,, FT,, and FT,,, represent the Fourier

The coefficientsa,, b,, c;,d, and ay,b,,c,,d, are the transforms with respect to (with parameters, = d, =
matrix entries of the symplectic ray transformation matri®, b,c, = -1, ay = dy = 1, by, = ¢, = 0), to y (with
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parametersy,, = d, = 1, b, = ¢z = 0,ay = dy = In order to obtain the evolution of the vortex and
0, bycy, = —1), and to bothz andy (with parameters asymmetrical parts of the OAM, let us first consider
ay = dy =0, byc, = —1,ay = dy =0, bycy, = —1), the output twist7°U, After a straightforward but rather
respectively. If we combine these simple relationships (21§ngthy calculation, using the definition of the twist (9),
with the definition of the twist (9), we can readily derivethe moment relations (20), and the definitions (22), it can
the twists T°% .. = b, Ty, T°“t|FTy = b, Ty, and be shown that the following expression holds for the output
Ty, = buby Tuy at the output of these respectivetwist:

Fourier transforming systems, and we have
gsy , T = aza,T + ayb, Ty + azb, Ty + byby Ty (31)

Ty = 002040101 + H020041010 We further need the expression
— po110(#1100 + f0011)5

out out 2 2
B + =a + 2a,b +b
Ty = poooz/t1010 — H200040101 #2000 7 Hoo20 = @2412000 202441100 7 Oz 10200

+ 1001 (f1100 + f0011), + %2,#0020 + 2ayby poo11 + 512,#0002 (32)
Ty = H0002/0110 + 1020041001 for the denominator that appears in Eqgs. (7) and (8).
— o101 (1100 — foo11)- (22) Note that the denominator is always positive, which is a

direct consequence of the fact that the momengs, and
IV. EVOLUTION OF THE TWIST AND THE ORBITAL Loz200 (@nd alsqup200 andpgeo2) are positive by definition.
ANGULAR MOMENTUM From Egs. (31) and (32), we immediately conclude that

the evolution of the vortex park, through a separable
There are seven relevant second-order moments whi par. 9 P

. CD system depends only on the parametgrsi,, b,
compose the vortex (7) and the a_symmetrlcal (8) part %ndby of the ray transformation matrix. This also implies
the OAM; the purelyuv-moments (i.e. 0200, ftooo2, and

, ; that A, cannot be changed by a quadratic phase corrector
to1o1, for which withp = » = 0) do not enter the g yaqg P

formulas (7) and (8). Combining these formulas with th afut: Xy = Lb: = b, = 0); note that in this case
moment relations (20), immediately leads to the following + motoley = ca).

seven equations, which describe the values of these seven/ THE SPECIAL CASE OF AN ISOTROPIC SYSTEM
moments in the output of ad BC'D system in terms of

. For an isotropic system, i.ei, = a,, b, = by, ¢z = ¢y,
the ten second-order input moments: pic Sy N AR

andd,, = d,, the general equation (30) reduces\$" =

_ 2 2 11001 — Mo110 = A and we conclude that the OAM does

= 2a,b b , 23 : .
Mgg?o @oH2000 *+ 2AzDaft1100 0200 (23) not change when the beam propagates through an isotropic
f1010 = Gzyp1010 + dzbypioot + batyho11o ABC D system. However, this property does not hold for

+ beby o101, (24)  the vortex and asymmetrical parts of the OAM, as has been

Hotsy = “12/ 140020 + 2ayby f10011 + b; tooo2;  (25) demonstrated for the case of free-space propagation [3, 4].
In the special case of an isotropic system, Eqgs. (31) and
(32) reduce to

out

H??IOO = GxCgit2000 + (a:(:dx + bex),ulloo

+ bz dx 110200, (26)

1iol = aycypoozo + (aydy + byey)poont T = °T + ab(Ty + T) + b°Thy, (33)
+ bydy o002, (27) 13000 + 100 = a” (12000 + f10020)

19001 = azcyiioo + azdypinoor + bzCyor1o + 2ab(pi1100 + fo011) + b*(to200 + £0002), (34)
+ bzdypo101, (28)  respectively, and we thus have

Mgﬂo = Cpayp1010 + Czbyp1001 + dzaypiorio
+ dyby o101 29) AM'=2[a"T +ab(T; +T,) + 0T,

- x [a* (2000 + foo20) + 2ab(p1100 + Ho011)
In particular, the OAMA°®Y" at the output of a separable 2 -1

+b + . (35
ABC D system takes the form (o200 =+ pio0oz)] (33

We remark that for the special signal for which the relation
AOUt _ out

_— _out
1001 0110 T Tw 4 Ty T$y
= NlOOl(azdy - bycm) - MOHO(aydz - bzcy) = =

142000 + Ho020 2(p1100 + L20011) 10200 + H0002
+ 0101 (bzdy — bydy) + pr1010(azcy — aycs). (30) (36
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holds, the vortex part of its OAM does not change inwice) depending upon the actual value§of’, +7;, and
isotropic systems. This holds in particular for rotationallyl’,,. Clearly,A,(p) takes the value zero for those values of

symmetric beams, for whicluoozo = p2000, tooo2 = the parametep for whichp = {— (T, + T,) + (T +
110200, Ho011 = 1100, o110 = —pioot, and piorg = Ty)% —4TT,,]Y/?}/2T,,, and since has to be real, this is
potor = 0, [26] and hencel’ = 2usoo0pt1001, 7 =  possible only if the conditio T, + T,)* > 4TT,, holds.
Ty, = 2p1100i1001, and Ty = 2pg200441001, and for In the case of free-space propagation, for whicks

which the three expressions in Eq. (36) thus take the valassociated with the propagation distance, only positive

1001: @ rotationally symmetric beam propagating throughalues ofp are allowed, and., (0) = (2E/c*)T/ (2000 +

an isotropic system does not change its vortex and thggzo) andA,(p — o) = (2E/c2)Txy/(u0200 + 140002);

asymmetrical part of its OAM remains zero. note that the case® — oo corresponds to Fourier
We note that for isotropic systems with= 0 (andad = transforming. Hence, foff'7},, < 0, there is onlyone

1), the vortex part of the OAM (as well as the asymmetricgbositive solution wherd (p) changes its sign. On the other

part of it) is preservedAS" = A, and A" = A,. This hand, forI'T}, > 0, there ardéwo positive solutions if the

is the case for all systems for which the input and outpsigns of7},, andT, + T, are different, and there areo

planes are conjugate planes, like a thin lens (with d = positive solutions if these signs are the same. Moreover,
1, b = 0, andc inverse proportional to the focal distance)n the special case that the initial field (or its Fourier
and an ideal magnifier (with = m, d = 1/m, b = ¢ = transform) is vortex fre€l’ = 0 (or T}, = 0), the vortex
0). On the other hand, for isotropic Fourier transforming\, (p) takes the value zero also fpr= — (T}, + 1)) /T4y,
systems (withu = 0 andbc = —1), the vortex part of the which is positive if7’,, andT} 4T, have different signs (or
OAM is indeed changed according to forp = -T/(T, +T,), which is positive ifl’ andT; + T,
have different signs).
AUt o Ty In the case of a fractional Fourier transforming system,
! H0200 + 10002 for which p is associated with the fractional angle
_ 5 HMo002/40110 — f020041001 + po1o1 (#1100 — foo11)  p = tanca, both positive and negative values pfare
140200 + 140002 " acceptable. Positive values pfcorrespond to the first

(37) and third quadrants of the angle and negative values to
the second and fourth ones. Therefore, during one period
Let us now study the general expression (35) for thg < , < 21, the sign ofA,(p) changes four times {7, +
evolution of the vortex part of the OAM, which we MayT, )2 > 4TT,,, twice if (T, + T,)? = 4T T,,, and it does

as well express in the form not change i{7}, + Ty)? < 4TT,,. Note that this analysis
is useful for understanding the propagation of vortex
A = Ay(p) = 2[T + (T + Ty) + p*Ty) beams through optical fibers with quadratic refractive
X [(t2000 + H0020) + 2p(pe1100 + f0011) index profiles, since in the paraxial approximation of the

scalar diffraction theory, the complex field amplitude of
monochromatic light propagating through such a fiber is

where we have introduced the ratio = b/a. Optical fractionally Fourier transformed, with the anglebeing
systems with the samg behave similarly with respect Proportional to the propagation distance in the fiber [29,
to the evolution ofA,. As examples we mention (i) a 30l
section of free space in the paraxial approximation, or
‘parabolic’ system [27] (witha = d = 1, ¢ = 0,

and b proportional to the propagation distance), (i) a We have obtained a general expression describing the
fractional Fourier transforming system [28], or ‘elliptic’ evolution of the vortex part of the OAM in first-order
system [27] (witha = d = cosa andb = —c = optical systems, which contains only the parameters
sina), and (iii) a ‘hyperbolic’ system [27] (withe = ay, b;, andb, of the ray transformation matrix. In the

d = cosha andb = ¢ = sinh«), for which systems case of isotropic systems, the evolution of the vortex and
the parametep corresponds td, tan«a, and tanha, asymmetrical parts of the OAM is defined only by the
respectively. Analyzing Eg. (38), one can find the valuegarameteb/a.

of the parametep whereA, (p) is zero, or has maxima or  The results of this paper can be used for the design
minima. Note that, while the denominator is positive for albf vortex beams by means ABC D systems and for
possible values of, the numerator — and therefofg (p) the description of their propagation through such systems.
itself — may or may not change its sign (but not more thaim particular the propagation of the vortex part of the

+ p*(p10200 + Hooo2)] ™, (38)

VI. CONCLUSIONS
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OAM through free space and through an optical fiber witfe2] M. J. Bastiaans,“Wigner distribution function and its application
quadraﬁcreﬂacﬂveindex(ﬂacnonalFounernansﬂnnﬂn?
system) has been discussed. 2
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