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Abstract— In this paper, we address the Instruction-Set
Extension problem which boils down to identifying clusters
of operations that can be implemented as single complex
operations in hardware. Such an extension aims to maxi-
mize some metric, typically performance.

We propose two algorithms for the generation of con-
vex Multiple Input Multiple Output (MIMO) instructions,
given certain reconfigurable hardware resource constraints.
The elementary building blocks of our approach are clus-
ters of operations known as Maximal Multiple Input Single
Output (MAXMISO) out of which the convex MIMO in-
structions are constructed.

An important advantage of our approach is that it is not
restricted to basic-block level nor does it impose any limi-
tation on the number of the newly added instructions nor
on the number of the inputs/outputs of these instructions.

Keywords: Instruction-Set Extension, Convexity,
MIMO, Graph Algorithms.

I. Introduction

Instruction-Set Extension has been a major research
topic in the last decade. The existing algorithms im-
pose stringent limitations on the number of input/out-
put values as well as on the number of newly added
instructions while their computational complexity can
be exponential.

In this paper, we introduce two algorithms that se-
lects the new functionalities to be executed in hard-
ware for improving the overall performance. The pro-
posed algorithms target the Molen organization [13]
which allows for a virtually unlimited number of new
instructions to be executed on the reconfigurable hard-
ware. The elementary building blocks of the approach
are clusters of operations known as Multiple Input
Single Output (MISOs).

The common starting point of both algorithms is
the analysis of the application to identify the largest
MISOs, called MAXMISOs. These MAXMISOs are
then combined and clustered as new application spe-
cific instructions. The result is a cluster of operations
with Multiple Inputs and Multiple Outputs, called

MIMO, which is executed on the reconfigurable hard-
ware and which provides the maximum performance
improvement under reconfigurable hardware resource
constraints.

Whereas the first algorithm generates MIMO in-
structions formulating the problem as an ILP prob-
lem, the second algorithm uses an heuristic to com-
pose the new MIMO instructions. The main contri-
butions of this paper are:
• the construction of convex MIMO based on MAX-
MISOs clustering. Single MAXMISOs usually do not
provide significant performance improvement. Thus,
we propose MAXMISO combinations resulting in con-
vex MIMOs in order to take advantage of the paral-
lelism.
• the elimination of the restrictions of the types and
number of new instructions (in contrast with most of
the existing approaches): there is no limitation on the
number of input/output values or the number of new
instructions.
• the proposed approaches are not restricted to basic-
block level analysis but can be applied directly to large
kernels.

The paper is organized as follows. In Section II, we
discuss background information and related work. In
the following section, we present the theoretical frame-
work. Finally in Section IV we present conclusion and
future work.

II. Background and related work

The algorithms for Instruction Set Extensions usu-
ally select clusters of operations which can be im-
plemented in hardware as single instructions while
providing maximal performance improvement. Basi-
cally, there are two types of clusters that can be se-
lected, based on the number of output values: MISO
or MIMO. Accordingly, there are two types of algo-
rithms for Instruction Set Extensions which are briefly
presented in this section.

For the first category, a representative example is
introduced in [1] which addresses the generation of
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MISO instructions of maximal size, called MAXMISO.
The proposed algorithm exhaustively enumerates all
MAXMISOs. Its complexity is linear with the number
of nodes. The reported performance improvement is
of few processor cycles per newly added instruction.
The approach presented in [9] targets the generation
of general MISO instructions. The exponential num-
ber of candidate instructions turns into an exponen-
tial complexity of the solution in the general case. In
consequence, heuristic and additional area constraints
are introduced (e.g limitation of only 5-inputs is im-
posed) to allow an efficient generation. The difference
in complexity of the two approaches is due to the prop-
erties of MISOs and MAXMISOs: while the enumer-
ation of the first is similar to the subgraph enumer-
ation problem (which is exponential) the intersection
of MAXMISOs is empty and then once a MAXMISO
is identified, it is removed generating a linear enumer-
ation of them.

The algorithms included in the second category are
more general and provide more significant performance
improvement. However they also have exponential
complexity. For example, in [4] the identification al-
gorithm detects optimal convex MIMO subgraphs but
the computational complexity is exponential. A sim-
ilar approach described in [14] proposes the enumer-
ation of all the instructions based on the number of
inputs, outputs, area and convexity. The selection
problem is not addressed. In [3] the authors target the
identification of convex clusters of operations given in-
put and output constraints. The clusters are identi-
fied with a ILP based methodology similar to the one
we propose with the first algorithm. The main dif-
ference is that they iteratively solve ILP problems for
each basic block, while in our approach we have one
global ILP problem for the entire procedure. Addi-
tionally, the convexity is addressed differently: in [3],
the convexity is verified at each iteration, while in our
approach it is guaranteed by construction based on
Theorem III.6. Other approaches cluster operations
considering the frequency of execution or the occur-
rence of specific nodes [11], [12] or regularity [6]. Still
others impose limitation on the number of operands
[5], [2], [8] and use heuristics to generate sets of cus-
tom instructions which therefore can not be globally
optimal.

The algorithms we introduce in this paper combine
concepts of both categories: first, MAXMISOs are
identified as proposed in the first category, after which
they are combined in convex MIMOs. This allows ex-
ploitation of the available parallelism. Our algorithms

require linear complexity for the MAXMISO enumera-
tion. For the first algorithm, the MAXMISO combina-
tion is formulated as an integer linear problem whose
optimal solution for most cases is found in a few sec-
onds even for large (>5000 nodes) data flow graphs.
For the second algorithm, the MAXMISO combina-
tion is performed using a heuristic of linear complex-
ity. Additionally, the proposed algorithms do not im-
pose any limitations on the number of input/output
values (as in [2], [10], [7], [5]) or the number of newly
added instructions.

III. Theoretical background

A. MISO properties and MAXMISO-clustering

Let G = (V,E) be the dataflow graph of a given
application, where V is the set of nodes and E is the
set of edges. The nodes represent primitive opera-
tions, more specifically assembler-like operations, and
the edges represent the data dependencies. The nodes
can have two inputs at most and their single output
can be input to multiple nodes.

Let ℘(G) be the power set of G and let n be the
order of V 1. The order of the power set of a set of
order n is 2n. Basically, there are two types of sub-
graphs that can be identified: graphs with Multiple
Input Single Output (MISO) and graphs with Multi-
ple Input Multiple Output (MIMO). Let GMISO and
GMIMO be the subsets of ℘(G) containing all MISOs
and MIMOs respectively. The following chain of in-
clusions is valid:

GMISO ⊂ GMIMO ⊂ ℘(G). (1)

In formal terms, a MISO is defined as follows.
Definition III.1. Let G∗ ⊆ G be a subgraph of G with
V ∗ ⊆ V set of nodes and E∗ ⊆ E set of edges. G∗ is a
MISO of root r ∈ V ∗ if ∀ vi ∈ V ∗ there exists a path2

[vi → r], and every path [vi → r] is entirely contained
in G∗.
By Definition III.1, A MISO is a connected graph. A
MIMO, defined as the union of m ≥ 1 MISOs can be
either connected or disconnected.
Definition III.2. A subgraph G∗ ( G is convex if there
exists no path between two nodes of G∗ which involves
a node of G\G∗3.

1℘(G) is the set of all subgraphs of G, including the empty
graph ∅ and G.

2A path is a sequence of nodes and edges, where the vertices
are all distinct.

3G∗ has to be a proper subgraph of G. A graph itself is always
convex.
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Convexity guarantees a proper and feasible scheduling
of the new instructions which respects the dependen-
cies. Definitions III.1 and III.2 imply that every MISO
is a connected and convex graph. Even though these
properties are not always satisfied by a MIMO, convex
graphs have the following property:
Theorem III.3. Let G∗ ( G be a convex subgraph of
G. Then there exists k ∈ N such that

G∗ =
k⋃

i=1

MISOi. (2)

Proof: Let G∗ be a MISO. Then k = 1 and
MISO1 = G∗. Let G∗ be a MIMO. Every node
has single output4 and therefore each node is triv-
ially a MISO. This concludes the proof since every
(sub)graph can be decomposed as the union of its
nodes.
The previous theorem shows that an exhaustive enu-
meration of the MISOs contained in G gives the build-
ing blocks to generate all convex MIMOs. However
such enumeration faces exponential complexity. We
therefore need to find a way to reduce this. To this
purpose, we introduce the notion of MAXMISO which
is defined as follows. Let ⊂ be the usual subset inclu-
sion and ℘(G) the power set of G. The tuple (℘(G),⊂)
is an ordered set and an element Gι ∈ ℘(G) is said
to be maximal if, for all Gi ∈ ℘(G), Gι 6⊂ Gi. A
maximal MISO (MAXMISO) is a maximal element of
(GMISO,⊂). A formal definition of MAXMISO is the
following.
Definition III.4. A MISO G∗(V ∗, E∗) ⊂ G(V, E) is a
MAXMISO if ∀vi ∈ V \V ∗, G+(V ∗ ∪ {vi}, E+) is not
a MISO.
From the set-theory it is known that each element
of GMISO is either maximal (a MAXMISO) or there
exists a maximal element containing it. [1] observed
that if A,B ∈ GMISO are two MAXMISOs, then A ∩
B = ∅. Since every node is trivially a MISO, the
following equality holds:

G =
⋃

i∈I

MAXMISOi, I ⊂ N. (3)

The empty intersection of two MAXMISOs implies
that the MAXMISOs of a graph can be enumerated
with linear complexity in the number of its nodes.

4G is the dataflow graph of a given application and the nodes
represent assembler-like operations.

B. Convex MIMOs generation

Let GMM ⊂ GMISO be the set of all MAXMISOs
of G. Let f : GMM ⊂ G → Ĝ be the function that
collapses the MAXMISOs of G in nodes of the graph
Ĝ, (Fig. III-A):

MMi ∈ GMM ⊂ G 7→ ai ∈ Ĝ. (4)

By the definition of f it follows that f is a surjective
function. Two MAXMISOs cannot overlap and then
f is injective and therefore bijective. Let f−1 be the
inverse function of f : f−1 : Ĝ → GMM , ai ∈ Ĝ 7→
MMi ∈ GMM ⊂ G. f and f−1 are called the collaps-
ing and un-collapsing function and Ĝ is called the the
MAXMISO-collapsed graph.

Let v ∈ V be a node of G and let Lev : V → N be
the function defined as follows:
• Lev(v) = 0, if v is an input node of G;
• Lev(v) = α > 0, if there are α nodes on the longest
path from v and the level 0 of the input nodes.
Clearly Lev(·) ∈ [0, +∞) and the maximum level d ∈
N of its nodes is called the depth of the graph.
Definition III.5. The level of MAXMISOi ∈ G is
defined as follows:

Lev(MAXMISOi) = Lev(f(MAXMISOi)). (5)
Theorem III.6. Let G be a DAG and A1, A2 ⊂ G two
MAXMISOs5. Let Lev(A1) ≥ Lev(A2) be the levels
of A1 and A2 respectively. Let C = A1 ∪A2. If

Lev(A1)− Lev(A2) ∈ {0, 1} (6)

then C is a convex MIMO. Moreover C is disconnected
if the difference is 0.

Proof: Let G be decomposed as union of MAX-
MISOs and let f be the collapsing function. Let a1, a2

and c be the images through f of A1, A2 and C re-
spectively. f transforms equation 6 in Lev(a1) −
Lev(a2) ∈ {0, 1}. In both cases, by contradiction,
if c = a1 ∪ a2 is not convex, there exists at least one
path from a1 to a2 involving a node ak different from
a1 and a2. Then

Lev(a2) < Lev(ak) < Lev(a1). (7)

Since by hypothesis Lev(a1) − Lev(a2) ∈ {0, 1}, it
follows that Lev(ak) /∈ N which contradicts the as-
sumption Lev(·) ∈ N. As a result c is a convex MIMO
and then considering the un-collapsing function f−1,

5Clearly A1 ∩A2 = ∅.
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Fig. 1
The collapsing function f : G → Ĝ. GMM = {MM1, MM2, MM3} where MM1 = {v1, v3}, MM2 = {v4}, MM3 = {v2, v5}. Then

MM1 7→ a1, MM2 7→ a3 and MM3 7→ a2. In this case we have GMISO = {v1, v2, v3, v4, v5, MM1, MM3} and clearly GMM ( GMISO.

f−1(c) = C = A1 ∪ A2 is a convex MIMO graph.
In particular, if the difference is 0, c is disconnected.
By contradiction if c is connected there exists a path
from a1 to a2. Then Lev(a1) 6= Lev(a2) which con-
tradict the assumption Lev(a1)− Lev(a2) = 0. As a
result c is disconnected and therefore C = f−1(c) is
disconnected.
Corollary III.7. Any combination of MAXMISOs at
the same level or at consecutive levels is a convex
MIMO.

Proof: Let C = A1∪ ...∪Ak ⊂ G be the union of
k ≥ 3 MAXMISOs of G. Two scenarios are possible:
Lev(Ai) = ι ∀i, or Lev(Ai) ∈ {ι, ι + 1}. In both
cases, let c = f(C) = a1∪...∪ak

6 be the image through
f of the MAXMISOs-union. By contradiction if c is
not convex, there exists al least a path between two
nodes that is not included in c. This contradicts the
previous Theorem III.6. Then c is a convex MIMO as
well as C = f−1(c).

C. The First Algorithm

Theorem III.6 shows how to generate convex MIMO
operations. This consists of two parts: the enumer-
ation of all MAXMISOs in G and the combination
of the MIMOs. Nevertheless, the total hardware re-
sources are limited and this has to be taken into ac-
count. A formal description of the clustering problem
is as follows:
Problem statement. Given a graph Ĝ = Ĝ(V, E) let
d be the depth. Let HW and SW represent two dis-
joint sets of nodes such that V = HW ∪ SW . Each
node n is identified by two indices i, j where i is the
level of the node and j is its position at level i. Let
lHWij and lSWij be the latency of a node in HW and
SW respectively. Let A and αij be the total available

6f(A ∪B) = f(A) ∪ f(B).

area and the area that a node nij occupies. Find the
optimal subset HW ⊂ V such that minimizes

min
∑

nij∈SW

lSWij +
d∑

i=0

max
nij ∈ HW

lHWij , (8)

under the following constraint:
∑

nij∈HW

αij ≤ A. (9)

Formula (8) represents the minimization of the total
execution time: the first term is the execution time
of the MMs that are executed in software and have a
sequential execution, while the second term represents
the latency of the MMs that are selected for hardware
execution in parallel at each level. The constraint
expressed by (9) represents the requirement that all
new instructions should fit on the total hardware area
available.

The problem previously presented can be solved as
a 0 − 1 linear programming problem to produce an
optimal solution using an efficient solver.
0-1 Selection. Every node (MAXMISO) belongs to
HW or SW sets. Consequently we associate to any
nij ∈ V a Boolean variable xi,j such that xi,j = 1 if
nij ∈ HW , 0 if nij ∈ SW , i ∈ {0, ..., d} represents the
level Level(nij), and j represents the position at level
i. The search for the optimal subset HW is then the
search of optimal 0/1 values for all xij .
Objective Function. Following the problem statement,
formula (8) can be translated in the following objec-
tive function

min
∑

nij∈V

lSWij ∗xij +
d∑

i=0

max
nij ∈ V

lHWij ∗xij . (10)
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If xij = 1 then xij = 0 and consequently we can con-
sider n ∈ V given that V = HW ∩ SW and HW and
SW are disjoint sets.

The max function included in the objective func-
tion transforms the problem into a non-linear prob-
lem, which is hard to be efficiently solved. In conse-
quence, we transform the objective function by adding
for each level a new integer variable xmax which has
the largest hardware latency of this level. More specif-
ically, the objective function becomes:

min
∑

nij∈V

lSWij ∗ xij +
d∑

i=0

xmaxi. (11)

with the additional constraints:

xmaxi ≥ lHWij ∗ xij , ∀i ∈ {0, ..., d}with nij ∈ Leveli.
(12)

Linear System of Inequalities. The original constraint
given by (9) can be expressed as follow:

∑

n∈V

αij ∗ xij ≤ A. (13)

In summary, the steps required to generate the op-
timal set of convex MIMOs are the following:
• Step a: MAXMISO identification: using an algo-
rithm similar to the one presented in [1];
• Step b: Construction of the reduced graph: each
MAXMISO is collapsed on one node;
• Step c: HW/SW estimation: evaluate the HW/SW
execution latency for each MAXMISO;
• Step d: ILP problem formulation: identify the ob-
jective function and set of constraints;
• Step e: ILP problem solving: select the MAXMISOs
which are combined into one new instruction.

D. The Second Algorithm

Each convex MIMO is identified in two steps: first
of all a cluster of nodes is grown within Ĝ, the
MAXMISO-collapsed graph, and afterward the clus-
ter is extended with further nodes.
1st step. Let aι be a node of Ĝ = (V̂ , Ê) with lev(aι) =
α ∈ [0, d] and let C = {aι}. Let us define the following

sets:

pred′(aι) =

8
>><
>>:

{m ∈ V̂ | lev(m) = α− 1 ∧
∃ (m, aι) ∈ Ê}

∅
if α ≥ 1

if α = 0

succ′(aι) =

8
>><
>>:

{m ∈ V̂ | lev(m) = α + 1 ∧
∃ (aι, m) ∈ Ê}

∅
if α ≤ d− 1

if α = d

succ(aι) =

8
>><
>>:

{m ∈ V̂ | ∃ [aι → m]∧
lev(m) > lev(aι)}

∅
if α ≤ d− 1

if α = d.
(14)

C ′ = C ∪ pred′(aι) is a convex MIMO. This holds
for α ≥ 1 as a consequence of Theorem III.6 and for
α = 0 since a node is trivially a convex graph.

Let us consider succ′(pred′(aι)) and let NIn(n)
and NInC

(n) be the number of inputs and the number
of inputs coming from a set C of a node n. For each
node n and each set C the following inequality can be
satisfied:

2 ∗NInC
(n) ≥ NIn(n). (15)

We define the following set:

C′′ =

8
<
:

C′ ∪ {n ∈ succ′(pred′(aι)) | (15) holds}
C′

if n exists

otherwise

(16)

If there exists n such that (15) holds, by Theorem
III.6, C ′′ = C ′ ∪ {n} is a convex MIMO. The property
(15) is introduced to limit the total number of inputs
of C ′′.
2nd step. Let us define the following set:

succ(C ′′) =
⋃

m∈C ′′
succ(m) (17)

For each m ∈ succ(C ′′) such that

NIn(m) = NInC′′ (m), (18)

C ′′ ∪ {m} is a convex MIMO. This follows from
equation (18). In fact this implies that all inputs of
m come from C ′′, avoiding the possibility to have a
path between a node of C ′′ and m including a node
not belonging to C ′′ ∪ {m}. As a consequence C ′′′ =
C ′′ ∪ {m ∈ succ(C ′′) | NInC

(m) = NIn(m)} is a
convex MIMO.

In summary, the steps required to generate the set
of convex MIMOs are the following:
• Step a: MAXMISO identification: using an algo-
rithm similar to the one presented in [1];
• Step b: Construction of the reduced graph: each
MAXMISO is collapsed on one node;
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• Step c: HW/SW estimation: evaluate the HW/SW
execution latency for each MAXMISO;
• Step d: Until the area constraint is violated, choose
a node of Ĝ, grow C ′′′ and remove the nodes of C ′′′

from the node to further analyze.
Remark III.8. By Step d, it follows that the convex
MIMOs are generated linearly with the number of node
of Ĝ.

IV. Conclusions

In this paper, we have introduced two algorithms
which select MAXMISO clusters which can be imple-
mented as a new application-specific instruction on
the reconfigurable hardware. The first algorithm for-
mulates the instruction selection as an ILP problem
for the minimization of the execution time under hard-
ware area constraints. The second algorithm combines
instructions with a linear complexity heuristic based
on Theorem III.6. In our future work we intend to in-
troduce more general MAXMISO clustering and more
general operation clustering.
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