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Abstract—Many applications in image processing require  we compute a confidence measure for the correspondence
the fitting of transformation models to sets of points. We sets. This measure is used as a heuristic during the search
propose a technique that optimizes the model fitting process propose. By reducing the transformation parameter space
by employing parametric consistency as an additional con- 5 introducing an heuristic, we can perform better than a

straint. The technique is used to find affine transformations . .
, ) full blind search for a random consensus. The most impor-
between data points. The uncertainty about the exact loca- )
tant parameters that we take into account are:

tion of a data point is modelled by defining a convex uncer-
tainty region in which the data point must be situated. The < the size\ of the feature confinement regions;
uncertainty of a transformation is represented by a convex e the positional inaccuracyof a feature detector;

polytope in the parameter space. For each polytope we intro- « the densityd of the feature points in the images, which
duce a consensus set and a confidence level. The consistencihay include many false positives and false negatives;

of di_fferent parameter polytopes is e_v._’:lluated with aninter- | the minimal sizeC,| of a consensus s€t, so that the
section graph. Consensus sets for fitting models correspond consensus becomes sufficiently reliable.

to large cliques in the consistency graph. Not only the size In thi how that without fi t reqi
of the consensus set, but also the confidence that we have in n this paperwe show that without coninement regions we

it plays an important role. From the size of the uncertainty ~are deemed to taH@T\ as_la.rge as possiblg, e.g. equa_l to
regions induced by an uncertainty transformation, we com- the number of estimated inliers. With confinement regions

pute an expected size of the consensus that would occur bywe obtain a much better result. Another advantage of the
coincidence. These results are used to compute a confidenceproposed method is that we do not have to introduce an
measure for the consensus set, which results in a further en- 3ssumed proportion of inliers beforehand. The number of
hancement of the clique finding algorithm. inliers is estimated by the search process itself.

Keywords— transformatio_n uncertainty, transformation Alternatively, the search space can be reduced by using
polytopes, consensus, confidence measures descriptors for detected affine invariant features [1], e.g.
SIFT-descriptors or affine invariant moments. The idea of

l. INTRODUCTION our method is quite similar, but based upon spatial infor-

mation instead of local intensity information. A combina-
Many applications in image processing require the fition of both methods may further improve the results, but
ting of transformation models to sets of points, by methwill not be discussed in this paper.

ods such as RANSAC or the Hough transform. The tech- The technique has been applied to real outdoor scenes
nigque that we propose optimizes the model fitting procesgith moving objects in a changing background, so the pro-
by employing parametric consistency as an additional coposed method must not only find correct correspondence
straint. The technique is applied to an important problengets but also distinguish between sets corresponding to
finding affine transformations and homographies betweejifferent objects or the background. Experimental results
corresponding data points in different images. Therefoghow that consistency constraints and confidence measures
we need to determine which are the reliable sets of correan improve the process of finding correct matches consid-
spondences. erably.

In what we propose possible correspondences are to beSection Il describes how transformation uncertainty is
found in confined regions, which reduces the search spaoedelled in this paper. Section Il introduces notions
for matches considerably. That is, the proposed methadbout the reliability of a set of correspondences and Sec-
employs constraints on the transformation parameterstion IV gives experimental results. Finally the paper is
match corresponding feature point pairs. Furthermorepncluded in Section V.
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II. UNCERTAINTY REGIONS AND PARAMETER whether it is likely that this pair is part of a large set of
UNCERTAINTY POLYTOPES reliable correspondences. If we would have some measure

_ _ _ for how promising the paifp;, ¢;) is, this would certainly
We consider the following general matching pmblemfacilitate the search process

Let S be a finite set of source points € R?. For each

pointp;, letQ; = {q“’fi?’ ...} be afinite set of candidate o getector, the size of a confinement region and we
image pom'FSq,-j € R%. We look for the optlma_l affine il show that these two parameters and the densgiof
transformation” that maps as many source points UpOfe featyre points are very important to estimate the reli-
image points as possible. ability of the proposed set of correspondences. We shall
Hartley and Zisserman give an overview of the cOjerive an expression for the probability that a given set of
functions that are used to compute the optimal transformgorrespondences can arise by accident. But first we have
tionT'[2]. The cost may either be measured in the imagg introduce models for the uncertainty of a position and a
plane (geometric distance), in the source plane (reproje§eometric transformation.
tion error) or in both planes. For example, once a possi- yncertainty of a position. To model the uncertainty of
ble correspondence map = f(p;) has been given be- the image(z’, /) of a pointp = (z,y) in R, we define

tween source and image points, withe S;, we can 100k  the yncertainty regiof® as a convex polygon bounded by
for the transformatiol” that minimizes)_,(d(p;, pi)*> + halfplanes,

d(gi, d:;)?), subject to the conditiot; = T'(p;).

However, fitting parameters to a data set is only part of ri' + sy >1, 1<i<n 1)
the problem. A typical matching algorithm first separates _ _ o
the inliers from the outliers among all;, and it searches IN the z’y’-plane. The uncertainty regiorf¢ used in this
for a good correspondence mgp This can be accom- work will be rectangles, which is sufficient for most appli-
plished by a robust estimation method, such as RANSAEations. .
Once the inliers and the correspondence map are knownUncertainty of a transformation. We letT'(p, R) de-
the algorithm determines an optimal estimation for thBote the set of all transformatiofis that mapp into the
transformation?’, by minimizing a cost function [2]. In uncertainty regiorR. In this work, to simplify some of the
this paper, we focus on the first step of the algorithm whicfiefinitions, we restrict ourselves to affine transformations
separates the inliers from the outliers, determines the c&fthe form
respondences, and gives a first approximation for the trans-
formationT. The goal of this paper is to show that this
step can be enhanced considerably if we know additional Yy =dy+f
constraints for the transformation parameters. These con-

o . .
straints can exist either in the form of uncertainty confiné/th (', ') @s image-pointz, ) as source-point and the

ment regions for image points, or asdimensional poly- 4 paramgte_rs of the transformat_lon;e,él, f;‘ hNote thTt ¢
topes for transformation parameters (e.g., by giving Iowépe restrlctlor.\ to 4 parametgrs |.nstea or t e_ usual 6 o
and upper bounds for each of the parameters). Additioft-9eneral affine transformation is not essential from the

ally, we want to show how confidence measures on tr{Beoretical viewpoint, but enables us to simplify notation,
consensus set can assist in the search process and reduces the search space. Most of the results in this

. . . aper can be extended to more general transformations in
Given two imaged, 1> with two setsSy, S5 of feature pap . 9
. . a straightforward manner.
pointsp; € S; andg; € Sz, the density of the feature The transformation§(p, R) : p — R form a convex
points isd;, with d; = N;/wh, wherew and h are the P 4

width and height of the image, aid = |S;| is the number polyhedron{ in 4 dimensions, supported by the hyper-
of feature points in the image’ t planes that can be found by substituting the equations (2)

] - in (1), yielding

Suppose we are given a finite set of correspondences
Se = {(®i>4), Pr> @), - - -}, Se C 1 x Sy, so that there rilaz +e) + si(dy+ f) >1, 1<i<n. (3)
is an affine transformation mapping the poiptslose to
the pointsg;. Then how do we know that this set of corre- The notion of a transformation polyhedron can now
spondences is reliable? The given set of correspondentes defined for a given set of correspondencgs =
may also be incomplete. What are the chances.dfeing  {(pi, ¢ij), (Pk, qri), - - -}, Se C S1 x Sa. First the global
part of a larger set of reliable correspondences? Actuallgpnstraints on the transformation are taken into account.
we may start from a single pal. = {(p;,¢;)} and ask The transformed image of each pojmtis confined to a

In this paper we introduce the inaccuracyf the fea-

¥ =ar+e (2)
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region R;, where R; are squares of height centered on  For each consensus sétwe define a consensus mea-
each poinf;. Thus the transformation must be containeduref(C). It counts the number of points ity that occur

in Tg = ﬂif(p,—, R;), pi € S1. Next, we take into account at least once ir”. That is, f(C) is the cardinality of the
the constraints that follow from the correspondences. FeetA = {p;, ...}, such that for each poipt in A, there is
each correspondendg;, ¢;;), we define a small square at least one pair of the forifp;, ...) in C.

R;; of heighte, with e < 7 centered ony;;. We define The matching problem restated. We can now restate
the polytopel;; = T, N T(p;, R;;). Finally, for the entire our interpretation of the matching problem. We want to
set of correspondences we define the polytope find a parameter polytopE,

- - « With a high consensus measyte” (T));

T(Se) = Ny, (pir 4ij) € Se- . that suffigciently constrains the gf]s?grmation;

The polytopeT’(S.) comprises all affine transformationse With & consensus that did not arise by accident.
that map each point of; into a square of size around The first two requirements can be handled by the implied
it, and that in addition map each pointthat occurs inS. ~ regions, first by counting the feature points contained in
into a smaller square centered @n the regions, and second, by looking at the size of the re-
When S, contains at least 2 pairs of points the polygions. The reliability of a consensus must still be deter-
hedronT is bounded, and becomes a convex polytope #fined, however. To this end, we will compute the proba-
transformations in 4-dimensional space. bility P(|C|) that a consensus of siz€/| or larger arises
Positional uncertainty implied by transformational by accident. In this paper we show that the probability
uncertainty. For a given set of correspondencgsand the P(|C|) depends strongly on the inaccuracyf the fea-
transformation p0|yt0p§~"(5’c) that can be derived from ture detector and the sizeof the confinement region. The
it, it is important to know whether other pairs of featuréprobability of a misclassification will be small when both
points can be added .. Let p,, be any point inS; and 7 ande are small.
T a given polytope. R(pm,T) denotes the implied un-  In previous work [4] we have shown how we can find
certainty region resulting from mapping, by the trans- good sets of correspondences by finding large cliques
formations inT"; that is,R(pm,T) = {qgeR:q= in the intersection graph for the polytopdy;, that is,
T(py,) for someT € T}. We can show thaR(p,,,T) is how we can find a set of correspondendgs such that
the convex hull of the point®; (p,,) where the transforma- f(C(1'(Sc))) is maximal. In fact, while using an in-
tionsT}, denote the vertices of the polytopd3]. Fromthe tersection graph, we can look for an intersectibn N
above definitions it follows that the implied uncertainty reZk N ... over a large number of transformation poly-
gions SatisfyR(pZ.jg) C R;, as well aSR(puTij) C R;. topes that is non-empty. When this intersection is non-
Now suppose that for some implied regiBip,,, 7) we €mpty, we have found a set of correspondensgs=
find that there is a feature poigt,, € R(pm,T). Thenwe {(Pi, ¢i5), (P, qrt), - - -}, such thats. = T;;NTN. .. # 0,
must havel'(S.) T (pm, Rmn) # 0. In other words, ifwe andf(C(S.)) = f(C(T;;NTiN...))is equal to or larger
extend the set of correspondences with the &ir, p,..,,),  than the size of the clique. In this paper we will examine
then for the extended set we still have a transformatidtPw reliable such a se&. is.
polytopeT’(S. U {(pm; pmn)}) Which is non-empty.
Consensus setslt is useful to know whether a given
set of correspondences can be extended more than once.
Therefore, with each transformation polytope we as- In this section we consider the probability of the occur-
sociate a consensus s€{7). Let S; be a finite set rence of an accidental consensus set of features in the test
of points p; € R2, and for each poinp;, let Q; = image. Suppose we are given a set of correspondences be-
{@i1,q2,...} € S» be a finite set of pointg;; associ- tween two sets of feature points. Then what is the proba-
ated withp; and letT" be a transformation polytope. Thenbility that such an accidental set can arise when the feature
the consensus sét(T) of the polytopeT is defined as points are distributed randomly over the entire image ac-
C(T) = U;(R(p;,T) N Q;). Thus to find the consen- cording to a uniform distribution?
sus setC’(T), we must compute the implied image re- Estimate for a correspondence set consisting of a sin-
gions R(p;, T), and find the pointgy;; contained in the gle pair. Suppose we are given a corresponding set con-
implied regions. Note that a consensus set may list somaisting of a single pairs. = {(pi,¢i;)}. When we com-
points of S; more than once, for example, we may hav@ute the consensus meastire= f(C(T(SC)), we want to
C = (p1,q11), (p1,q12),---,(P2,421),.... Clearly, we know whether a high value fof. can also occur by acci-
haveS, C C(T(S.)), providedT'(S.) # 0. dent, that is when the feature points are randomly distrib-

IIl. RELIABILITY OF A PROPOSED SET OF
CORRESPONDENCES
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uted over the image. tvy' R[ @] 9
The value of f. will depend strongly on the size of p? \R[pﬁnl
the implied regions. Figure 1 shows the implied regions ,q5| Clsy
for the polytqpeTu._ The |mpI|(_ed regions are rectan- = R, = == |
gles whose size varies over the image. We can show tha . o . . p,
the average height (or width) of the implied regions of | -
T(S.) = T(p;, Rij) = T;; is bounded from above by s
5= e+ T 4 °ﬂ I'Zl
= (4)
We briefly sketch the proof of this bound on the size of < H
an implied region. First, we note that the width or the y
height must increase piecewise linearly, according to ei- . XX
ther the value of ther or y coordinate. It is sufficient 800

to note that the implied region of a poiptis the convex _ . _
hull of the pointsT}(p), where the transformatior, are F9- 1. To defte”?]'”e the polytopﬁ,’nawe '””lfduce large
the vertices of the transformation polytope [3]. To be spgdudresiiz, ... for the pointsp,, ..., and a small squaré;,

ii h i f i vt ith centered around a candidate pojnt. The consistency poly-
cific, suppose we have a transtormation polytope wi Ve{épeTll then consists of all transformations that map each point

tices(as, €i, di, f;). Then the implied regions have vertices, 'into the corresponding regioR;, andp; into Ri1 C Ri.
(a;z + €, diy + f;). Hence the width of the region varieswith 71, we compute the implied regior®(p;, 711), e.g. the
along thez-direction aga;z+e;) —(a;z+e¢;). Infact,one regionR(ps, T11).

can show that the width of the implied regions varies as a

function tha_lt hag a bow_ti_e shapg, sim_ilar to what we hav(%]e to the consensus measire
for the collinearity of digital straight lines or the uncer-

tainty cones for point-line coincidences [5, 6]. This linear Ny —1
y p [ ] < 1 . >Psgl(1 _ PS)(leg)’ (5)

variation can also be seen in Figure 1. Finally, we know P(g) =
that the smallest width for the implied regiondsnd the

largest size ig. It follows that the average width of the for 1 < g < N;. Thus the probability?(g) depends solely
implied region is bounded from above by= (¢ + 7)/2.  on the sizes of the rectangles£), on the number of fea-

Let R(p, T') be the implied region of an arbitrary fea-ture points (V1, N2), on the width {v) and height §) of
ture pointpy, in the firstimage. We assume that all the othelh€e images, and on the value of the consensus meagure (
feature points in each image are distributed randomly over The probability that we havé. > g is equal to
the entire image. Thus the probability that a feature point
in the second image lies in this implied region is equal to P(fe>g)=1- Y P(i).
the ratiod? /(wh) with w andh respectively the width and Osisg—1
the height of the image. The second image contaips
feature points. Hence the probabilify that for a given
point p;, there is at least one feature popy in the im- m = N P,.

plied regionR(px, T') is equal to

g—

The expected mean value for the consensus measure is

Figure 2(a) shows the binomial distributiaf(g) as
Pom1-(1- 572)N2 given by Eq. (5) forN; = 19, N, = 162, ¢ = 6 and
s wh’ for three different values for, = = 40,80,120. These
values correspond to the number of features and the para-
If the implied region contains at least one feature pointmeters that have been extracted in Figure 5. Figure 2(a)
the consensus measyfidncreases by one. The firstimageshows how the distribution depends on the value .off
containsN; feature points. What is the probabilif(g) we can confine the feature points to a relatively small re-
that we havef, = ¢? First, we note that the consensus sajion, e.g. 7 = 40, then the probability thaf. is larger
contains already the paip;, ¢;;). Hence the probability than 10 just by coincidence becomes very small. On the
is given by the binomial distribution that for the remainingother hand, the probability also depends on the value of
N7 — 1 points inS1, there are exactly — 1 points that add Whene gets larger (a less precise feature detector), also
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P(g) gets larger, and the consensus of a correspondenc
set becomes less reliable. ;A
Figure 2(b) shows the real frequency histogram of the °= i
consensus measuyg, where the size of the confinement
regions was set te = 80. The values that are occur are
larger than what was predicted in Figure 2(a) for a random ...
distribution of feature points. They also correspond to a
bimodal instead of a binomial distribution. However, the
real feature points are not randomly located at all. Since
many feature pointg;; in the second image correspond
to affine transformations of feature poingsin the first
image, the consensus meastifef a correspondence set
Se = {(pi, gi;) } will often be larger than what is expected
from a random distribution of feature points. Thus the his-
togram in 2(b) is bimodal. A first peak is due to random
feature points that satisfy a binomial distribution, a sec-
ond peak is due to feature points that correspond to affine
transformations. The histogram in 2(b) shows tfiatan
give us some indication about how promising a correspon-
dence seb. = {(pi, ¢;j)} is, even when it still consists of (b)
a single pair. P
Estimate for a correspondence set consisting of a sin- / \_
gle pair when the implied regions are known.The prob- oans \
ability in Eq. (5) is an estimate when the exact sizes of . / 3
the implied regions are unknown. For a real image, we = / \
can compute the implied regions, and thus we can give a
better estimate for the average value of their $ize~or e s s Rerg Crpieey
the features extracted in Figure 5, the average value of all R o e
the implied regionsk(p;, R;;) taken over all possible pairs (c)

(pi, qij) waséd = 30, instead of the estimated valtie= 43, - ) d distributi q df s 1
which came from Eq. (5). Figure 2(c) shows the binoF9- 2: Estimated distributions:) and(c) and frequencies for
. (b) for a correspondence set containing a single pair.

mial distribution P(g) as given by Eq. (5) forv; = 19,

Ny = 162, ¢ = 6, 7 = 80, and where we have taken

§ = 30, instead of the estimated value given by Eq. (4fhe exactsizes of the implied regions. Hence, itis perfectly

which was used for the general case. possible to obtain a good estimate for the probabitity)
Estimate for a correspondence set consisting of thatwe havef(C(T'(S.)) = g. As before, we find a bino-

two pairs. The calculation can easily be redongmial distribution,

for a correspondence set containing two paifs, = Ny —2

{(Pi, i), (P> k1) }- The major difference is that the size Py(g) = ( g—2

of the implied regions will be much smaller. The trans-

formation polytope is'(S.) = T;; N Tj;. In general this for 2 < g < Ny, where the probability? is still given by

polytope will be considerably smaller than the polytopes 5

that come from a single pair, and therefore the implied re- Po=1—(1- ‘L)Nz‘

gions R(pm, T'(S.)) will also be smaller. A precise ana- wh

lytical estimate or upper bound for the average size of the Figure 3(a) shows the binomial distributia®,(g) as

implied regions is not known at present. Simulations shogjiven by Eq. (7) forN1 = 19, N2 = 162, ¢ = 6, 7 = 80,

>Psg_2(1 _Ps)(Nl_g)a (7)

that we always find a value smaller than and where we have estimatéas in Eq. (6). This value
et for 6 was obtained during simulations as the average size
0= i (6) of the implied regions of;; N T}, taken over all possible

pairsT;;, Tj; whose intersection was non-empty. Figure
However, for a real image it is always possible to computg(b) shows the real frequency histogram of the consensus
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clarity). In the other frame, we apply the feature detec-
tor within the bounds of uncertainty regions centered on
the position of the reference features. The size of the re-
gion can be chosen according to the speed of the car from
S which the pictures are taken and the relative movement of
e other moving vehicles. Often bounds for these parameters

- are known or can be estimated.

Typically, we use up toel0 distinct reference features,

(a) which results in a feature point density of ;20 in the
reference image. The feature density in the second image
is higher as there are up to ten false positives for a refer-
ence feature; in this cask = 480]\;%. Note that there is
also a considerable number of false negatives to be found
in the reference frame.

The described technique is used to first discriminate the
maximum clique in the intersection graph, computed for
the situation given in Figure 5. The consensus set for the
transformation obtained for this clique is computed and all
reference features; and their candidate correspondences

(b) are removed for a next calculation. Then again a maximum
clique is determined for this new situation with a reduced
Fig. 3. Estimated distribution§:) and frequencies fof. (b) number of features in both images. Figure 6 shows the
for a correspondence set containing two pairs. two sets of corresponding features, first the features in the
reference frame. Frameb shows the two sets of corre-
measuref, for correspondence sets that contain two pair pondence pairs in the consensus set in different symbpls.
The size of the confinement regions was set te= 80. he_se rgsults clearly_ show .hOW the features on the moving
Note that the distribution has moved to left (smallervalue%ehICIe In front are distinguished from those on the build-

of £.), and that it has widened. This facilitates the discrim'dS @nd the road in the background. _
érhe consensus sets for the results above are larger in

ination between promising correspondence sets, and set h hat d b incid ted
whose consensus just arose by accident. Thus the ¢ if-¢ than what could occur by coincidence, as compute

sensus measurg give us a useful indication about how y the me??ureshl_nhste;]ctlz_n tll'lb 'Ehe S'F@r(j' tor:‘ t?e con-
promising a correspondence $&t— {(pi. gi;), (., au)} sensus set for which the distributions and the frequencies

is. This has been confirmed by the experiments on redi® shawn in F|gures.2 and 3 Is 16..The probab|l|ty that
images. a consensus set of this arose by acudgnt is actually rather
low: P(|C;| < 0.01). The confidence in this consensus
set is proven by the results shown in Figure 6. Note that
the correspondence sets shown in this figure are of smaller
We applied our technique to compute the transformaize due to refinement of the transformation between the
tions for real outdoor scenes with moving objects: we argorresponding points.
interested in the movement of vehicles in image sequences
of traffic situations obtained from a moving car. We wish V. CONCLUSION
to distinguish between the (moving) background and other We proposed a simple method to distinguish reliable
vehicles, so we must look for different cliques in the intereorrespondences among two sets of features by demanding
section graph. The experimental results show that consigansformation parameter consistency. Employing consis-
tency constraints and confidence measures are of great®iflcy constraints allows us to determine a consensus set for
in finding correct matches of different objects. each uncertainty transformation. The confidence level for
Figure 4 shows an example of a traffic situation, frama consensus set can be measured by computing the prob-
(b) (the testimage) is recordédl2s later in the sequence ability that a consensus set of sig&.| or higher occurs
than frame(a) (the reference image). The features showhy accident in the given sets of features. This measure en-
in image (a) of Figure 5 are detected using the Harridvances the robustness of the proposed matching method:
corner detector [7] (the original frame is brightened foby selecting only those sets for which that probability is

IV. EXPERIMENTAL RESULTS
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Fig. 4. Frameb) is taken a fewns before framgb) in an example sequence depicting a real life traffic situation obtained from a
moving car.

Fig. 5. The features in framg) are detected using a Harris corner detector. The features in the next image of the sébjuemrce
then detected in a region of interest, the location of which is determined by the position of the reference features.

a & /lz f
a 4 f
a o /JZI f f
o o f j
i 4
v ] o -
8 £
g v
(a) (0)

Fig. 6. Matched features in the reference frafmgand the correspondence pairs in the next frame from the seq@&ncévo
consensus sets for two different transformations are obtained and shown by different symbols.
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sufficiently low, the chances for finding a correct corre-
spondence set increase considerably. We can also deter-
mine which are the interesting combinations of two (or
more) correspondence pairs: the confidence level and the
size of the consensus set for the combination gives an indi-
cation about how reliable this correspondence set can be.
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