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Abstract—In order to ensure the stabiltity of an n-th or-
der linear system there are tests (due to Hurwitz and Schur)
to check whether the roots of the denominator polynomials
of the transfer functions in the continuous and the discrete-
time case are in the left complex half-plane or within the unit
circle, respectively. In this contribution, the parallel treat-
ment developed for both cases leads to a simple and insight-
ful proof for the classical stability tests. Instead of looking at
the location of the roots of a polynomial as a purely mathe-
matical problem, a systems approach is used that determines
whether the covariance matrices of the associated linear sys-
tems in state space are positive definite. The result is that the
three critical constraints for stability (given by Jury [3]) are
simply found from the determinants of the generating matri-
ces for the covariance. These critical conditions, which are a
subset of then+1 stability constraints, are sufficient if one
starts with a stable system and all parameters are varied, for
example in an adaptive environment.
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I. I NTRODUCTION

The classical problem of finding criteria with which the
roots of a polynomial are located in the left complex half-
plane was already solved by Hurwitz in 1895 [2] and is
well-documented in many textbooks, see Gantmacher [1]
for a good overview. The criteria for the related problem
where the roots are inside the unit circle were first given
by Schur in 1917 [4] for complex polynomials and later
significantly simplified by Jury [3] for real polynomials.
Here, we treat the two problems in parallel using a sys-
tems approach that leads to a simple proof for the validity
of the classical stability tests. Specifically, this approach
enables us to give a description of the stability region of
a discrete-time linear system in the coefficient space, the
closed surface boundary of which is defined by only three
equations. We start with relating the two stability problems
and introducing the associated linear system descriptions.

II. CONTINUOUS VERSUSDISCRETE-TIME

Let us consider the characteristic polynomials

b0s
n + b1s

n−1 + · · ·+ bn−1 s + bn (1)

and
a0z

n + a1z
n−1 + · · ·+ an−1 z + an (2)

of ann-th order continuous-time system in thes-domain,
versus ann-th order discrete-time system in thez-domain,
both with real coefficients. We can switch from the contin-
uous to the discrete-time case with the bilinear transform

s =
z − 1
z + 1

, or z =
1 + s

1− s
. (3)

This transform interrelates the coefficientsbi and ai, so
constraints onbi can always be translated to constraints on
ai and vice versa. For example, the polynomial inz

a0z
2 + a1z + a2 (4)

transforms into the second-order polynomial ins

a0(1 + s)2 + a1(1 + s)(1− s) + a2(1− s)2, or

(a0 + a1 + a2) + (2a0 − 2a2)s + (a0 − a1 + a2)s2, (5)

so  b2

b1

b0

 =

 1 1 1
2 0 −2
1 −1 1


 a0

a1

a2

. (6)

Since it is known that a second-order continuous system is
stable iff all three coefficientsbi are positive, we can infer
that the corresponding discrete-time system is stable iff

a0 + a1 + a2 > 0, a0 − a2 > 0, a0 − a1 + a2 > 0. (7)

Lettinga0 =1, we have found the well-known stability tri-
angle in thea1, a2-plane for a second-order discrete-time
system.

Note that we have written (6) with the indices of the
b-vector in reverse order. This has the advantage that the
matrix which relatesb2−i andai is involutary (it is its own
inverse) apart from a factor14 . So we can also write a0

a1

a2

 = 1
4

 1 1 1
2 0 −2
1 −1 1


 b2

b1

b0

, (8)
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where we can simply ignore the factor1
4 , since it makes no

difference for the roots if all coefficients of a polynomial
are multiplied by a common factor. Note that the columns
of the matrix, let us denote itT 2, are found from the co-
efficients of the polynomials(z + 1)2−j(z − 1)j , where
j = 0, 1, 2. Generalizing, we can relatebn−i andai by an
(n + 1)×(n + 1) transformation matrixT n with columns
indexed fromj = 0 to n found from the coefficients of
(z + 1)n−j(z − 1)j , which will be involutary apart from a
factor2−n. For example,T 6 is given by

T 6 =



1 1 1 1 1 1 1
6 4 2 0 −2 −4 −6

15 5 −1 −3 −1 5 15
20 0 −4 0 4 0 −20
15 −5 −1 3 −1 −5 15
6 −4 2 0 −2 4 −6
1 −1 1 −1 1 −1 1


. (9)

Note that the entries satisfytij = ti−1, j+ti−1, j+1+ti, j+1,
so the matrix can be built from its zeroth row and itsn-th
column starting in the upper right corner. Formally, we can
write the entriestij (i, j = 0, . . . , n) of T n as

tij =
min(i, j)∑

k=max(0, i+j−n)

(−1)k

(
n− j
i− k

)(
j
k

)
, (10)

where

(
n
k

)
denotes the binomial coefficient

n!
(n− k)! k!

.

We cannot really use the transformationT n to find the
constraints onai from the constraints onbi for any given
ordern, since the expressions become much more involved
than with a more direct approach in the discrete-time case.
We can, however, draw some interesting conclusions from
this transformation. As another example, let us look at the
casen = 3, so

b3

b2

b1

b0

 =


1 1 1 1
3 1 −1 −3
3 −1 −1 3
1 −1 1 −1




a0

a1

a2

a3

. (11)

As we already saw withn = 2, the rows ofT 3 are the coef-
ficients of four linear inequalities inai which are necessary
conditions (though not sufficient fromn = 3 upwards) for
stability of a third-order discrete system (since positivity
of bi for all i is necessary in the continuous-time case). If
we leta0 = 1, these inequalities are

1 + a1 + a2 + a3 > 0
3 + a1 − a2 − 3 a3 > 0
3− a1 − a2 + 3 a3 > 0 (12)

1− a1 + a2 − a3 > 0

which delimit a four-sided pyramid (a pyramid with a tri-
angular base and three triangles as side planes) in the three-
dimensional coefficient space{ a1, a2, a3}. The four cor-
ners or angular points of this pyramid are simply given by
the columns ofT 3 (without the zeroth row, since we ex-
cludeda0 as a degree of freedom), soa = (a1, a2, a3)T is
(3, 3, 1)T , (1,−1,−1)T , (−1,−1, 1)T and(−3, 3,−1)T ,
respectively.

Similarly, for an n-th order discrete system we have
n+1 linear inequalities inai (with a0 = 1) determined
by the rows ofT n, which delimit a hyper-pyramid in the
n-dimensional coefficient space{ a1, . . . , an} with n+1
angular points given by the columns ofT n (−row 0). The
actual stability region inRn (found from the necessary and
sufficient conditions onai) is a subspace (with a closed
surface boundary) of this hyper-pyramid, which is equiva-
lent to the continuous-time case where the stability region
is a subspace of the positive quadrantb1, . . . , bn > 0. The
angular points of the hyper-pyramid are on the boundary
of the actual stability region, since they are found from the
coefficients of then+1 polynomials(z+1)n−j(z−1)j . So
we can simply determine the ranges ofai from the rows of
T n. For example, from (9) we can conclude that the coeffi-
cients of a sixth-order stable polynomial inz (with a0 = 1)
are within the ranges

−6 < a1 < 6 −3 < a2 < 15
−20 < a3 < 20 −5 < a4 < 15 (13)

−6 < a5 < 6 −1 < a6 < 1.

We will return to the description of the stability region
of a discrete-time system and its closed surface boundary
in Section V.

III. C OVARIANCE MATRIX OF DIRECT FORMS

The polynomials of (1) and (2) are also the characteristic
polynomials associated with the direct form state matrices

Ac =


−b1/b0 −b2/b0 · · · −bn−1/b0 −bn/b0

1 0 · · · 0 0
0 1 · · · 0 0
...

...
...

...
...

0 0 · · · 1 0

,

(14)

Ad =


−a1/a0 −a2/a0 · · · −an−1/a0 −an/a0

1 0 · · · 0 0
0 1 · · · 0 0
...

...
...

...
...

0 0 · · · 1 0

.

We can implement a continuous system with state matrix
Ac as a tapped line of integratorss−1 and a discrete system
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with state matrixAd as a tapped line of delaysz−1. The
taps (equal to−bi and−ai for i = 1, . . . , n) are fed back
to the input summation node and divided byb0 and a0,
respectively. If we apply an input signalu(t) or u[n] at the
summation node, the state equations

dx

dt
= Acx(t)+Bcu(t), x[n+1] = Adx[n]+Bdu[n]

(15)
haveBc = (1/b0, 0, . . . , 0)T andBd = (1/a0, 0, . . . , 0)T.

Next, we determine the covariance matricesKc and
Kd of these two systems, defined asE(xxT ). Given that
E(u2) = 1, these follow from the Lyapunov equations

−AcKc −KcA
T
c = BcB

T
c , (16)

Kd −AdKdA
T
d = BdB

T
d , (17)

respectively. These equations are easily understood to be
correct. For example, to check the validity of (17), just
equateE(x[n]xT [n]) andE(x[n + 1]xT [n + 1]) and use
the state equation (15), sinceKd must be independent of
time. In general, finding the elementskij of these matri-
ces requires solving12n(n + 1) linear equations, sinceKc

andKd are symmetric. In case of a Direct Form, however,
there are onlyn different entries in the covariance matrix,
sinceKd has equal entries on its diagonals andKc has al-
ternating equal entries on its odd cross-diagonals and zeros
on its even cross-diagonals. Specifically, forn = 3,

Kc =

 k1 0 −k2

0 k2 0
−k2 0 k3

, Kd =

k1 k2 k3

k2 k1 k2

k3 k2 k1

.

(18)
That this is true is easiest to see for the discrete-time

case: in a delay-line the variance or power of each state is
just passed to the next, whereas the cross-power between
two neighboring states does not depend on the place in the
line but only on the distance between the neighbors. For
the continuous-time case, we need to realize that the cross-
power between two states in a line of integrators with input
varianceE(u2) = 1 is given by

E(xixk) =
1
2π

∫ ∞
−∞

(jω)n−i(−jω)n−k

pn(jω)pn(−jω)
dω, (19)

wherepn(s) is the characteristic polynomial (1). Ifi+k is
odd (which is true on the even cross-diagonals) integration
is over an odd function, yielding zero. Ifi + k is even, the
result alternates between some value and its opposite.

Given that the state matrices are of the form (14) and the
corresponding covariance matrices are of the form (18), we
can develop the Lyapunov equations (16) and (17) inton

linear equations inn unknownsk1, . . . , kn. Specifically, in
the continuous-time case the equations read as

Ck̃ =


b1 b3 b5 0 0
b0 b2 b4 0 0
0 b1 b3 b5 0
0 b0 b2 b4 0
0 0 b1 b3 b5




k1

−k2

k3

−k4

k5

 = 1
2Bc (20)

for n = 5, wherek̃ stands for the vector of unknowns with
alternating sign and the coefficient matrixC has a logical
structure that can easily be continued to arbitraryn. In the
discrete-time case we can write equivalently

Dk = a0Bd = (1, 0, . . . , 0)T , (21)

wherek = (k1, . . . , kn)T and the coefficient matrixD,
though less trivial, again has a logical structure that can be
continued to arbitraryn. For example, forn = 3, we find

D=

a2
0−a2

1−a2
2−a2

3 −2(a1a2+a2a3) −2a1a3

a1 a0 + a2 a3

a2 a1 + a3 a0

.

(22)
For anyn, the first element is given byd11 =a2

0−
∑n

k=1 a2
k

and its submatrixD11 takes on the general form
a0 0 · · · 0
a1 a0 · · · 0
...

...
...

...
an−2 an−3 · · · a0

+


a2 a3 · · · an
...

... · ·
...

an−1 an · · · 0
an 0 · · · 0

,

(23)
whereas the first row and column are (fori, j 6=1)

d1j = −2
n−j∑
k=0

ak+1ak+j and di1 = ai−1. (24)

IV. STABILITY TEST BASED ON THECOVARIANCE

A well-known theorem from system theory states that a
controllable linear system is stable if and only if its covari-
ance matrix is positive definite. So, since a Direct Form is
controllable, we only need to demand thatKc andKd are
positive definite to ensure that the roots of (1) and (2) are
in the left half-plane or within the unit circle, respectively.
To that end, let us solve equations (20) and (21) in order to
find k, or the entriesk1, . . . , kn of Kc andKd of the form
(18). Using Cramer’s rule, we find (forj = 1, . . . , n)

kj =
|C1j |

2b0 det C
and kj = (−1)j−1 |D1j |

det D
(25)

for the continuous and the discrete-time case, respectively,
where|C1j | and|D1j | are the minors of the first row ofC
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andD (i.e. the determinants of the submatrices that remain
after deleting the first row and thej-th column).

A matrix is positive definite if its principal minors are
positive. Specifically, forKc we demand

| kn | > 0,

∣∣∣∣∣ kn−1 0
0 kn

∣∣∣∣∣ > 0,

∣∣∣∣∣∣∣
kn−2 0 −kn−1

0 kn−1 0
−kn−1 0 kn

∣∣∣∣∣∣∣ > 0

(26)
et cetera, up todet Kc > 0, whereas forKd we demand

| k1 | > 0,

∣∣∣∣∣ k1 k2

k2 k1

∣∣∣∣∣ > 0,

∣∣∣∣∣∣∣
k1 k2 k3

k2 k1 k2

k3 k2 k1

∣∣∣∣∣∣∣ > 0, . . . (27)

et cetera, up todet Kd > 0. Note that withKc we start in
the lower right corner. This will lead to simpler results.

Starting with then×n-determinant condition, we find

det Kc =
1

2nb0bn|Cnn|2
, (28)

det Kd =
1(

n∑
i=0

(−1)i ai

)(
n∑

i=0

ai

)
|D̃11|2

, (29)

where|D̃11| stands for the determinant of the matrix
a0 0 · · · 0
a1 a0 · · · 0
...

...
...

...
an−2 an−3 · · · a0

−


a2 a3 · · · an
...

... · ·
...

an−1 an · · · 0
an 0 · · · 0

,

(30)
which is found fromD11 in (23) by replacing the plus sign
by a minus sign. Although onlyb0bn > 0 is required for
(28) to be positive, in practice we demandb0 > 0 (or even
b0 = 1), so bothb0 andbn must necessarily be positive.
The same holds for the sum and the alternating sum ofai.
From Section II, we know that these statements are equiv-
alent by just looking at the last and the first row of (11):

b0 > 0 ⇐⇒ a0 − a1 + a2 − . . . + (−1)nan > 0,

bn > 0 ⇐⇒ a0 + a1 + a2 + . . . + an > 0. (31)

Next, staying with the continuous-time case and using
(25), the remainingn− 1 conditions (26) are found to be

Γi−1 Γi

2n−i Γn−1 Γn

> 0 (32)

for i = 1, . . . , n− 1, whereΓi denotes the determinant of
the submatrix ofC containing its firsti rows and columns,
and whereΓ0 = 1, per definition. Note, incidentally, that

Γn−1 = |Cnn| and Γn = bn Γn−1 = detC. (33)

Note also that|C1n| = b0 Γn−2, hencekn = 1
2Γn−2/Γn,

i.e. the conditionkn > 0 corresponds to (32) fori = n−1.
In all, the conditions (31) and (32) are equivalent to

Γi > 0 for i = 1, . . . , n and b0 > 0, (34)

due the following straightforward inductive reasoning. The
denominator of (32) is positive, sinceΓnΓn−1 = bnΓ2

n−1

andbn > 0 from (31). The numerator of (32) forn = 1 is
Γ1 which must be positive; this then leads toΓ2 > 0 from
the numerator forn = 2, et cetera, up toΓn−1 > 0. The
final constraintΓn > 0 follows fromΓn = bnΓn−1.

The result (34) is the same as that given by Hurwitz [1],
[2] to ensure that the roots of a polynomial are in the left
complex half-plane. In the context of the proof given here,
we can restate the result as follows.

Theorem 1:A necessary and sufficient condition for the
polynomialb0s

n+b1s
n−1+ · · ·+bn−1s+bn to have all roots

in the left complex half-plane is that then×n coefficient
matrixC of the form (20) is positive definite withb0 > 0.

Returning to the discrete-time case, we develop then
conditions (27) using (25). The result is found to be

∆+
i ∆−i

∆+
n ∆−n

> 0 (35)

for i = 0, . . . , n−1, where∆+
0 = ∆−0 = 1, per definition,

and where∆+
i and∆−i are the determinants of the matrices

Xi+Y i andXi−Y i with Xi andY i defined as

Xi =


a0 0 · · · 0
a1 a0 · · · 0
...

...
...

...
ai−1 ai−2 · · · a0

, (36)

Y i =


an−i+1 an−i+2 · · · an

...
... · ·

...
an−1 an · · · 0
an 0 · · · 0

. (37)

Note that ∆+
n−1 = |D11| and ∆−n−1 = |D̃11|, whereas

∆+
n = ∆−n−1

n∑
i=0

ai and ∆−n = ∆−n−1

n∑
i=0

(−1)i ai.

(38)
Note also thatk1 > 0 corresponds to (35) fori=n−1, so

det D =
∆+

n ∆−n
∆−n−1

= ∆−n−1

n∑
i=0

ai

n∑
j=0

(−1)j aj . (39)

Since with the two constraints (31) the denominator of (35)
is positive, the remainingn− 1 conditions for stability are

∆+
i ∆−i > 0, for i = 1, . . . , n− 1, (40)
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which involves having to determine2n − 2 determinants.
The result can be simplified, however, due to the property

∆+
i ∆−i = 1

2 (∆+
i−1 ∆−i+1 + ∆−i−1 ∆+

i+1) (41)

for i = 1, . . . , n−1, and the following inductive reasoning.
For i = 1, (41) reads as∆+

1 ∆−1 = 1
2(∆−2 + ∆+

2 ), so the
first two conditions (40) can be replaced by∆+

2 > 0 and
∆−2 >0, since the sum and the product of∆+

2 and∆−2 must
both be positive. Next,∆+

3 ∆−3 = 1
2(∆+

2 ∆−4 + ∆−2 ∆+
4 ),

so the second pair of conditions (40) can be replaced by
∆±4 > 0, et cetera, up to∆±n−1 > 0 for oddn and∆±n > 0
for evenn. Note that with (31) the two conditions∆±n >0
are equivalent to the single condition∆−n−1 >0 on account
of (38), so for anyn the number of conditions is stilln−1.
Together with (31), the total number of constraints isn+1,
the same as in the continuous-time case, cf. (34). In all, we
have proven the following result, also given by Jury [3].

Theorem 2:The necessary and sufficient conditions for
the polynomiala0z

n+a1z
n−1+ · · ·+an−1z+an to have

all roots within the complex unit circle are given by

n∑
i=0

ai > 0,
n∑

i=0

(−1)i ai > 0,

n even: ∆−n−1 > 0, (42)

∆±i > 0 for i = 2, 4, . . . , n− 2;
n odd: ∆±i > 0 for i = 2, 4, . . . , n− 1.

V. CRITICAL CONSTRAINTS FORSTABILTITY

In Section II we saw that the boundary of the stability re-
gion for a discrete-time system is a closed surface in then-
dimensional coefficient space{a1, . . . , an}, with a0 = 1.
We will now show that for any ordern this closed surface
has two ‘flat’ sides (given by two linear equalities) and one
warped side (forn > 2), given by a nonlinear equality.

From (25) we know that all entries of the covariance ma-
trix have a common denominator which is given by (39) as
det D = ∆−n−1

∑n
i=0 ai

∑n
j=0(−1)j aj . For a stable sys-

tem (poles inside the unit circle) all three factors ofdet D
are positive on account of Theorem 2. Specifically, with
a0 = 1, these three factors are unity in the origin of the co-
efficient space{a1, . . . , an}, which represents a trivial sta-
ble system having all poles in the origin of thez-plane and
Kd = I. Moving away from the stable origin in the co-
efficient space by varying the parametersai, the poles are
varied within unit circle as long asKd does not become
infinite. A sign change of any of the three factors in the
denominator ofKd corresponds to a pole crossing the unit
circle. This means that in an adaptive environment, where
the parameters are varied starting from a stable system, we

need only demand positive signs in the factored denomina-
tor of Kd as conditions to ensure that the systems remains
stable. These conditions are called the critical constraints
[3], of which there are only three for any system ordern.
Let us look at the casesn = 2 andn = 3 as an example.

Forn = 2 the covariance matrix looks like

Kd =

(
1 + a2 −a1

−a1 1 + a2

)
(1− a2)(1 + a1 + a2)(1− a1 + a2)

, (43)

where setting the three factors in the denominator to zero
corresponds to the three sides of the stability triangle in
thea1, a2-plane. As long as all three factors are positive,
the poles are inside the unit circle. Apart from these crit-
ical constraints, there are no other conditions for stability
resulting from Theorem 2. This is only true for the second-
order case. Note that1 − a2 changes sign if a complex
conjugate pair of poles crosses the unit circle, whereas
1 + a1 + a2 changes sign if a real pole crosses the unit
circle at z = 1 and 1 − a1 + a2 does so if a real pole
crosses atz = −1.

Forn = 3 the covariance matrix is given byKd =1+a2−a1a3−a2
3 −a1+a2a3 x

−a1+a2a3 1+a2−a1a3−a2
3 −a1+a2a3

x −a1+a2a3 1+a2−a1a3−a2
3


(1−a2+a1a3−a2

3)(1+a1+a2+a3)(1−a1+a2−a3)
,

(44)
wherex = −a2 + a1a3 + a2

1 − a2
2. Positiveness of the

three factors in the denominator constitutes the set of crit-
ical constraints, whereas from (42) we know that there is a
fourth condition for stability, necessary only if we do not
start from a stable point in the coefficient space, but are
testing the stability of some arbitrary point in this space.
This fourth condition is, of course,∆+

2 > 0, since∆−2
is the first factor in the denominator of (44). Note that
∆+

2 is on the principal diagonal. So what does the three-
dimensional stability region look like? We already know
that it is a subspace of the pyramid given by (12). In fact,
this pyramid and the actual stability region have two (trian-
gular) sides in common, since the first and last inequality
of (12) are two of the critical constraints. The third crit-
ical constraint divides the pyramid into two halves, one
of which is the actual stability region, whereas for the
other∆−2 < 0 holds. Specifically, the stability region has
two flat sides given by the triangles with angular points
(3, 3, 1)T , (1,−1,−1)T , (−1,−1, 1)T and(−3, 3,−1)T ,
(1,−1,−1)T , (−1,−1, 1)T , respectively, and one warped
side, given by the quadratic equation1−a2+a1a3−a2

3 = 0.
This represents a curved surface inR3 which shares two
(straight) edges with each of the two triangles. A fifth
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edge of the stability region is the line between the points
(1,−1,−1)T and(−1,−1, 1)T , where the triangles meet.
Even though the stability region is a closed space, the
boundary of which is given by only three equations, it is
not sufficient to describe it by the critical constraints only.
The problem is that a point outside the pyramid given by
(12) can satisfy all three critical constraints, made possi-
ble by the fact that∆−2 , which is negative in the unstable
half of the pyramid, can change sign back when passing
its edges. For example, the point(6, 8, 2)T meets all criti-
cal conditions but is definitely not a stable point, since the
polynomialz3 + 6z2 + 8z + 2 has three real roots, two of
which are outside the unit circle and, indeed,∆+

2 < 0. To
conclude this paragraph on the third-order case, we note
two things. First, the fourth stability condition∆+

2 > 0,
which is quadratic, can be replaced with the simple linear
conditiona2 <3, given that the critical constraints are met,
as some basic algebra will confirm. Secondly, of the four
angular points of the stability region two are on all three
sides of its boundary, i.e.(1,−1,−1)T and(−1,−1, 1)T .

Looking at the generaln-th order discrete-time system,
we can state the following. The stability region is a closed
part of the coefficient space{a1, . . . , an}, the boundary of
which has two ‘flat’ sides given by the linear equations
1 +

∑n
i=1 ai = 0 and1 +

∑n
i=1(−1)i ai = 0, and one

warped side (forn > 2) given by the nonlinear equation
∆−n−1 = 0, which contains the coefficientan to the power
n−1 and which cannot be factored or simplified further. It
represents a curved surface inRn through alln+1 angular
points of the stability region found from the coefficients of
(z + 1)n−j(z − 1)j . Of these angular points,n− 1 are on
all three sides of the stability region, the two outliers (the
points furthest from the origin) found from the coefficients
os(z ± 1)n being the exception. From this description we
get a fair impression of what then-th order stability region
of a discrete-time system looks like. Writing out the curved
surface part of its boundary forn = 4 yields: ∆−3 = 0 =

1−a2+a1a3−a2
3−a2

1a4+a1a3a4+2a2a4−a2a
2
4−a4−a2

4+a3
4

(45)
which indeed contains the five angular points(4, 6, 4, 1)T,
(2, 0,−2,−1)T , (0,−2, 0, 1)T , (−2, 0, 2,−1)T and
(−4, 6,−4, 1)T . Apart from the three critical constraints
∆−3 > 0 and1±a1 +a2±a3 +a4 > 0, there are two other
(quadratic) conditions resulting from Theorem 2, given by
1 ± a3 ∓ a1a4 − a2

4 > 0, necessary if we are testing the
stability of an arbitrary point in the coefficient space. For
n > 4 the expressions for the nonlinear critical constraint
become increasingly large, but the angular points of the
stability region are still easy to determine from the matri-
cesT n given in Section II. For example, the seven columns

of (9) minus the zeroth row are the angular points of the
stability region forn = 6.

To conclude, we note that there are, of course, critical
constraints in the continuous-time case as well, follow-
ing from the common denominator of the entries ofKc

given by (25). If we takeb0 > 0 there are only two crit-
ical constraints, given bybn > 0 andΓn−1 > 0, since
det C = bn Γn−1 from (33). Starting from a stable point
in the coefficient space{b1, . . . , bn}, e.g. found from the
coefficients of(s+1)n, we need only test for sign changes
of bn > 0 andΓn−1 > 0 when varying the parameters
bi. For example, in the second-order case the constraints
b2 > 0 andΓ1 = b1 > 0 are critical and no other condi-
tion results from Theorem 1. Forn = 3, we haveb3 > 0
andb1b2 − b0b3 > 0 as critical constraints, whereas (34)
additionally requiresb1 > 0 to exclude the possibility of
b1 andb2 both being negative. (Remember that we need to
stay in the positive quadrant, the equivalent of the pyramid
in the discrete-time case.) Finally forn = 4, b4 > 0 and
b1b2b3 − b0b

2
3 − b2

1b4 > 0 are critical, whileb1 > 0 and
b1b2 − b0b3 > 0 are necessary extra conditions in general.
Note that the latter condition can be replaced byb3 > 0,
so only one (nonlinear) constraint remains as long as all
parameters are taken positive. (Unfortunately, this is no
longer true fromn = 5 upwards.) This then also means
that, apart from the condition of positivity of the expres-
sion in (45), a fourth-order discrete-time system is stable
with the linear conditions1± a1 + a2 ± a3 + a4 > 0 and
2±a1∓a3−2a4 > 0 (equivalent tob1, b3 > 0), the latter
pair replacing the two quadratic conditions in the previous
paragraph.

VI. CONCLUSION

By looking at the covariance matrices of the associated
linear systems, we have gained an insight into the mecha-
nism behind the classical polynomial stability tests, espe-
cially into the form and shape of the stability region in the
coefficient space. The critical constraints for stability that
are of interest from a systems viewpoint are simply found
from the determinants of the generating matricesC and
D, of the form (20) and (22), for finding the covariance.
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