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Abstract—In order to ensure the stabiltity of an n-th or- and
der linear system there are tests (due to Hurwitz and Schur) az" + a2Vt tap_1z+an (2)

to check whether the roots of the denominator polynomials . ) i .
of the transfer functions in the continuous and the discrete- Of ann-th order continuous-time system in tkelomain,

time case are in the left complex half-plane or within the unit  versus am-th order discrete-time system in thedomain,
circle, respectively. In this contribution, the parallel treat-  both with real coefficients. We can switch from the contin-
ment developed for both cases leads to a simple and insight- uous to the discrete-time case with the bilinear transform
ful proof for the classical stability tests. Instead of looking at

the location of the roots of a polynomial as a purely mathe- _*- 1 o 1+ 3' (3)
matical problem, a systems approach is used that determines z+1’ 1-s

whether the covariance matrices of the associated linear sys- ¢y ancform interrelates the coefficiertsand a;, so
tems in state space are positive definite. The result is that the

three critical constraints for stability (given by Jury [3]) are constraints ob; can always be translated to constraints on

simply found from the determinants of the generating matri-  @: and vice versa. For example, the polynomiatin

ces for the covariance. These critical conditions, which are a 9

subset of then 41 stability constraints, are sufficient if one apz” + a1z + az (4)
starts with a stable system and all parameters are varied, for
example in an adaptive environment.

transforms into the second-order polynomiakin
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I. INTRODUCTION (ap 4 a1 + az) + (2ag — 2az)s + (ag — a1 + az)s>, (5)
The classical problem of finding criteria with which theso
roots of a polynomial are located in the left complex half- ba I 1 1 ag
plane was already solved by Hurwitz in 1895 [2] and is bh|=(2 0 -2 ap |. (6)
well-documented in many textbooks, see Gantmacher [1] bo I -1 1 a2

for a good overview. The criteria for the related problengince it is known that a second-order continuous system is
where the roots are inside the unit circle were first givegtaple iff all three coefficients; are positive, we can infer

by Schur in 1917 [4] for complex polynomials and lateghat the corresponding discrete-time system is stable iff
significantly simplified by Jury [3] for real polynomials.

Here, we treat the two problems in parallel using a sys«o + a1 +az >0, ag—az >0, ag—ai +az > 0. (7)
tems approach that leads to a simple proof for the validity .

of the classical stability tests. Specifically, this approach€ttingao =1, we have found the well-known stability tri-
enables us to give a description of the stability region gind!€ in theas, az-plane for a second-order discrete-time
a discrete-time linear system in the coefficient space, tf¥St€m- _ _ o

closed surface boundary of which is defined by only three NOt€ that we have written (6) with the indices of the
equations. We start with relating the two stability problem& VECtOr in reverse order. This has the advantage that the

and introducing the associated linear system description&2rix which relates,_; anda; is involutary (itis its own
inverse) apart from a factdir. So we can also write

[I. CONTINUOUS VERSUSDISCRETETIME

. - : ag 1 1 1 bo
Let us consider the characteristic polynomials a | = % 9 0 —9 b |, )
bos" +b1s" T 4 4 by s+ by (1) as 1 -1 1 bo
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where we can simply ignore the facti),rsince it makes no which delimit a four-sided pyramid (a pyramid with a tri-
difference for the roots if all coefficients of a polynomialangular base and three triangles as side planes) in the three-
are multiplied by a common factor. Note that the columndimensional coefficient spadeu;, as, a3 }. The four cor-
of the matrix, let us denote i[5, are found from the co- ners or angular points of this pyramid are simply given by
efficients of the polynomial§z + 1)277(z — 1)/, where the columns off'; (without the zeroth row, since we ex-
j = 0,1,2. Generalizing, we can relatg_; anda; by an cludeda as a degree of freedom), 80= (a1, as, a3)” is
(n + 1) x (n + 1) transformation matrig’,, with columns (3, 3, )7, (1, -1, -1)7, (-1, -1, 1)T and(-3, 3, —-1)7,
indexed fromj = 0 to n found from the coefficients of respectively.
(z 4+ 1) (2 — 1)7, which will be involutary apart froma  Similarly, for ann-th order discrete system we have
factor2—". For exampleZs is given by n+ 1 linear inequalities im; (with ay = 1) determined
by the rows ofT’,,, which delimit a hyper-pyramid in the
1 1 1 1 1 1 1 . . _ .
n-dimensional coefficient spadeus, ..., a,} with n+1
4 2 0 -2 -4 -6 . .
angular points given by the columns’®f, (—row 0). The
5 5 -1 -3 -1 5 15 o A
actual stability region ifR™ (found from the necessary and
Te=|[20 0 -4 0 4 0 —20]|. (9 g L ) )
15 -5 -1 3 —1 -5 1% sufficient conditions or;) is a subspace (with a closed
surface boundary) of this hyper-pyramid, which is equiva-
6 —4 2 0 -2 4 —6 . . . .

1 1 1 1 1 1 1 lent to the continuous-time case where the stability region
B B B is a subspace of the positive quadrant. .., b, > 0. The
Note that the entries satisfy; = t;_1, ;j+ti—1, j+1+%i, j+1, angular points of the hyper-pyramid are on the boundary
so the matrix can be built from its zeroth row andsitsh  of the actual stability region, since they are found from the

column starting in the upper right corner. Formally, we canoefficients of thex+1 polynomials(z+1)" 7 (2 —1)7. So
write the entries;; (i,5 =0,...,n) of T', as we can simply determine the rangesi9from the rows of
T,.. For example, from (9) we can conclude that the coeffi-

min(i, j) . . . . C e B
t = Z (—1)k (n —J ) ( J )7 (10) cients of a sixth-order stable polynomialdrgwith ag = 1)

ka0, i+j—n) i—k k are within the ranges
| —6<a; <6 —3<ay <15
here " | denotes the binomial coefficiemn'i
w k Bkl —20<a3<20 —5<as<l15 (13)
We cannot really use the transformatidy, to find the —-6<a5<6 —1<ag < 1.

constraints om; from the constraints ob; for any given i L . i
ordern, since the expressions become much more invoIve?We .W'” return to the descnppon of the stability region
than with a more direct approach in the discrete-time case. @ dls_crete—tlme system and its closed surface boundary
We can, however, draw some interesting conclusions frof Section V.

this transformation. As another example, let us look at the
casen = 3, SO

[11. COVARIANCE MATRIX OF DIRECT FORMS

The polynomials of (1) and (2) are also the characteristic

b3 r 1 1 1 ag polynomials associated with the direct form state matrices
bg o 3 1 -1 -3 al 11

bt o 3 —1 -1 3 a9 ’ ( ) _bl/bo _b2/b0 T _bn—l/bO _bn/bo

bo 1 -1 1 -1 as 1 0 . 0 0

- A, = 0 1 o 0 0
As we already saw with = 2, the rows ofI'; are the coef- : . . . . ’

ficients of four linear inequalities im; which are necessary
conditions (though not sufficient from = 3 upwards) for 0 0 o 1 0

stability of a third-order discrete system (since positivity (14)
of b; for all i is necessary in the continuous-time case). If —a1/a0 —azfap -+ —Gn-1/ao —an/ao
we letag = 1, these inequalities are 1 0 o 0 0
A= O 1 0 0
1+a1+az+az > : : : :
3+a1—az—3as 0 0 1 0

(12)  we can implement a continuous system with state matrix
A, as atapped line of integrators! and a discrete system

o O o O

>
3—ay—as+3a3 >
>

1—ai+as—as
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with state matrixA, as a tapped line of delays™'. The linear equations im unknownsk;, . . ., k,. Specifically, in

taps (equal to-b; and—a; fori = 1,...,n) are fed back the continuous-time case the equations read as
to the input summation node and divided fy and a,
respectively. If we apply an input signa({t) or u[n] at the bi b3 bs 0 0 k1
summation node, the state equations - bop by by O 0 —k2
Ck=|0 b b3 bs O ks | =3B, (20)

d _
T _ Ax(t)+Bou(t), zn+1] = Agz[n] + Baun] 0 b b2 by O Fa
dt 0 0 by by bs ks

(15)
haveB, = (1/b,0,...,0)" andBg = (1/ao,0,...,0)".  for;, — 5. wherek stands for the vector of unknowns with

Next, we determine the covariance matricks and alternating sign and the coefficient mat@ixhas a logical
K ; of these two systems, defined B$zx). Given that structure that can easily be continued to arbitrarin the
E(u?) = 1, these follow from the Lyapunov equations  discrete-time case we can write equivalently

~A.K.- K.AT = B.B”, (16) Dk = aoBy = (1,0,...,0)", (21)

K, — AdeAf — B,BT, (17) wherek = (@1,_. e k:n?T and the _coefficient matridD,
though less trivial, again has a logical structure that can be

respectively. These equations are easily understood to &htinued to arbitrary.. For example, forn = 3, we find
correct. For example, to check the validity of (17), just

equateF (xz[n]x”[n]) and E(xz[n + 1]’ [n + 1]) and use a¢—a}—a3—a3 —2(ajas+asaz) —2aiaz
the state equation (15), sind€,; must be independent of D= aq ap + as as

time. In general, finding the elements; of these matri- as a1 + as ao

ces requires soIvinén(n + 1) linear equations, sincK . (22)

andK ; are symmetric. In case of a Direct Form, howevelFor anyn, the first element is given byi; =a2—>1_; a?
there are only: different entries in the covariance matrix,and its submatrixD; takes on the general form
sinceK ; has equal entries on its diagonals dkd has al-

ternating equal entries on its odd cross-diagonals and zerog %0 0 -0 az a3 -0 On
on its even cross-diagonals. Specifically, fioe= 3, ar a0 n :
: Ap_1 Qn 0|
kl 0 —]€2 /€1 kg k3 Ap—2 Qp_3 -+ an 0 . 0
Kc = 0 kz 0 R Kd = k:g ]{31 ]{:2 . (23)
—ka 0 ks ks ko k1 (s whereas the first row and column are (fiorj # 1)
That this is true is easiest to see for the discrete-time noJ

case: in a delay-line the variance or power of each state is dij=-2) apniaee and dn=ai1. (24)

just passed to the next, whereas the cross-power between h=0
two neighboring states does not depend on the place in théV. STABILITY TESTBASED ON THE COVARIANCE

line but _onIy on _the distance between th(_a neighbors. For A \well-known theorem from system theory states that a
the continuous-time case, we need to realize that the CIOZ3ntrollable linear system is stable if and only if its covari-

power betwe2en two states in a line of integrators with NP, - matrix is positive definite. So, since a Direct Form is

varianceF (u®) = 1 is given by controllable, we only need to demand ttkt and K, are
1o (ju)ni(—ju)nk !oositive definite to ensur_e t_hat the rpot_s of (1) and (2) are

E(xxg) = 2—/ - — dw, (19) inthe left half-plane or within the unit circle, respectively.

oo pn(jw)pn(=jw) To that end, let us solve equations (20) and (21) in order to

wherep,, (s) is the characteristic polynomial (1).dfr kis ~ find k, or the entries:y, .. ., k, of K and K4 of the form

odd (which is true on the even cross-diagonals) integratid#8)- Using Cramer’s rule, we find (fgr=1,...,n)

is over an odd function, yielding zero.df k is even, the IC.| 1Dyl

result alternates between some value and its opposite. k;j = m J*ﬁ

Given that the state matrices are of the form (14) and the 0
corresponding covariance matrices are of the form (18), wier the continuous and the discrete-time case, respectively,
can develop the Lyapunov equations (16) and (17) into where|C;| and| D ;| are the minors of the first row @@

and k; = (—1) (25)
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andD (i.e. the determinants of the submatrices that remaMote also thatC',,| = by I',,—2, hencek,, = %Fn_g/rn,
after deleting the first row and tijeth column). i.e. the conditiork,, > 0 corresponds to (32) far= n—1.
A matrix is positive definite if its principal minors are In all, the conditions (31) and (32) are equivalent to

ositive. Specifically, fod . we demand
P P y ri>0 for i=1,...,n and by >0, (34)

kn—? 0 - kn—l

kn—1 O due the following straightforward inductive reasoning. The
K | >0, 0 ky, >0, kO k"O*I IS >0 denominator of (32) is positive, sindg,I',, 1 = b,'2_,
—hn-—1 n

(26) andb,, > 0 from (31). The numerator of (32) for = 1 is
I'1 which must be positive; this then leadsltg > 0 from

et cetera, up tdet K. > 0, whereas folK ; we demand
plaet Ke d the numerator for, = 2, et cetera, up td',_; > 0. The

[ k1 ko ks final constraint”,, > 0 follows fromT",, = b,,I";,_1.
| k1| >0, kl k2 >0, | ks ki ko| >0, ... (27)  Theresult (34) is the same as that given by Hurwitz [1],
2 M ks ko ki [2] to ensure that the roots of a polynomial are in the left

_ ~complex half-plane. In the context of the proof given here,
et cetera, up tdet K; > 0. Note that withK . we startin \ye can restate the result as follows.

the lower right corner. This will lead to simpler results.

) . . o . Theorem 1A necessary and sufficient condition for the
Starting with then x n-determinant condition, we find y

polynomialbys”4-by s" 4 - - 4+b,_1s+b, to have all roots
1 (28) in the left complex half-plane is that thex n coefficient
2"boby |Crnl?’ matrix C' of the form (20) is positive definite withy > 0.
1 Returning to the discrete-time case, we developsthe
det Kg = —— — . (29) conditions (27) using (25). The result is found to be
=0

det K, =

B AL A,

fori =0,...,n—1,whereAj = A, = 1, per definition,
ao o - 0 ag az - ap and whereA” andA ;" are the determinants of the matrices
ai a - 0 : P X;+Y,;andX,;-Y; with X; andY; defined as
' : : -1 an -+ 0| ao 0O - 0
Ap_o QAp_3 - G an o --- 0 )
(30) xi= . 0 | (36)
which is found fromD; in (23) by replacing the plus sign : 5 o
by a minus sign. Although onl¥yb,, > 0 is required for ai-1 Gi—2 -+ 4o
(28) to be positive, in practice we dematd> 0 (or even
bp = 1), so bothb, andb,, must necessarily be positive. . ) .
The same holds for the sum and the alternating sunj.of Y, = : : S (37)
From Section II, we know that these statements are equiv- an—1 an s
alent by just looking at the last and the first row of (11): an 0 0

>0 (35)
Where|D11| stands for the determinant of the matrix

n—i+1 QOp—i+2 - 0An

bp>0 <= ag—ai+ay—...+(—=1)"a, >0, Note that Al | =|Dy;| and A, , = |D11|, whereas

bp >0 <— ay+a1+as+...+a, >0. (31) n n ‘
=0

Next, staying with the continuous-time case and using i=0
(25), the remaining. — 1 conditions (26) are found to be (38)
. Note also thak; > 0 corresponds to (35) far=n—1, so
L (32) AFA; nool
2 Fn—l Fn det D = 7An_ = A;_l Z a; Z(*ly aj' (39)
fori =1,...,n — 1, wherel'; denotes the determinant of -l =0 j=0

the submatrix o containing its first rows and columns, Since with the two constraints (31) the denominator of (35)
and wherd’y = 1, per definition. Note, incidentally, that is positive, the remaining — 1 conditions for stability are

I'v1=|Cni| and T, =b,T, 1 =detC. (33) AfAT >0, for i=1,...,n—1, (40)
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which involves having to determiri — 2 determinants. need only demand positive signs in the factored denomina-
The result can be simplified, however, due to the properttor of K ; as conditions to ensure that the systems remains
stable. These conditions are called the critical constraints
AFAT =5 (AL AL +AARL)  (41) [3], of which there are only three for any system order
Let us look at the cases= 2 andn = 3 as an example.

fori =1,...,n—1, and the following inductive reasoning. EFqry, — 2 the covariance matrix looks like
Fori =1, (41) reads ad A7 = (A7 + AJ), so the
first two conditions (40) can be replaced By > 0 and l+a -
Aj >0, since the sum and the productdf andA; must ( —ayp 1+ az)
K= (43)

both be positive. NextA Ay = S(ATA; + ASAY),

so the second pair of conditions (40) can be replaced by _ _ _
Aiﬁ: >0, et cetera, up taA* . >0 for oddn andA >0 where setting the three factors in the denominator to zero
) 1 n— n

for evenn. Note that with (31) the two condition&= >0 corresponds to the three sides of the stability triangle in

are equivalent to the single conditidyj,_, >0 on account h€a1, az-plane. As long as all three factors are positive,
of (38), 5o for any: the number of conditions is still— 1. the poles are inside the unit circle. Apart from these crit-

Together with (31), the total number of constraints is1 ical constraints, there are no other conditions for stability
the same as in the continuous-time case, cf. (34). In all, Wgsulting from Theorem 2. This is only true for the second-
have proven the following result, also given by Jury [3]. ©rder case. Note that — a, changes sign if a complex

Th >Th d sufficient giti ¢ conjugate pair of poles crosses the unit circle, whereas
eorem =the necesszirly and suficient concitions fof a1 + a2 changes sign if a real pole crosses the unit
the polynomialagz™+a12" *+ -+ -+an_12+a, to have

L L , circle atz = 1 and1 — a; + ap does so if a real pole
all roots within the complex unit circle are given by crosses at — —1

(1 —a2)(1+ a1 +a2)(1 —ay +az)’

n n ' Forn = 3 the covariance matrix is given bi{ ; =
dai>0, Y (=1)a; >0,
i=0 i=0 1+az—aiaz—a3 —ai1+azas x
neven: A | >0, (42) —a1tazas  l+az—aia3—ai  —a1tazas
AF>0 fori=24,....n—2 v —artaza; l+ap—araz—ag
1 ) AR Y
nodd: AF>0 fori=24,...,n—1 (1—a2+a1a3—ag)(1+a1+a2+a3)(1—a1+a2—ag()44)
wherex = —as + ajaz + a3 — a3. Positiveness of the

V. CRITICAL CONSTRAINTS FORSTABILTITY three factors in the denominator constitutes the set of crit-

In Section Il we saw that the boundary of the stability reical constraints, whereas from (42) we know that there is a
gion for a discrete-time system is a closed surface imthe fourth condition for stability, necessary only if we do not
dimensional coefficient spade, ..., a,}, Withag = 1.  start from a stable point in the coefficient space, but are
We will now show that for any ordet this closed surface testing the stability of some arbitrary point in this space.
has two ‘flat’ sides (given by two linear equalities) and on&his fourth condition is, of course); > 0, since A5
warped side (for, > 2), given by a nonlinear equality.  is the first factor in the denominator of (44). Note that

From (25) we know that all entries of the covariance maA; is on the principal diagonal. So what does the three-
trix have a common denominator which is given by (39) adimensional stability region look like? We already know
detD = A, > gai ;L:O(—l)j a;. For a stable sys- that it is a subspace of the pyramid given by (12). In fact,
tem (poles inside the unit circle) all three factorslef D  this pyramid and the actual stability region have two (trian-
are positive on account of Theorem 2. Specifically, witlgular) sides in common, since the first and last inequality
ap = 1, these three factors are unity in the origin of the coef (12) are two of the critical constraints. The third crit-
efficient spacday, ..., a,}, which represents a trivial sta- ical constraint divides the pyramid into two halves, one
ble system having all poles in the origin of thglane and of which is the actual stability region, whereas for the
K, = I. Moving away from the stable origin in the co-otherA, < 0 holds. Specifically, the stability region has
efficient space by varying the parameteysthe poles are two flat sides given by the triangles with angular points
varied within unit circle as long a& ; does not become (3, 3, 1)7, (1, -1, -1)T, (-1, -1,1)T and(-3, 3, -1)7,
infinite. A sign change of any of the three factors in thé¢l, —1, —1)7, (—1,—1,1)7, respectively, and one warped
denominator ofK ; corresponds to a pole crossing the uniside, given by the quadratic equatibAas+a;az—a3 = 0.
circle. This means that in an adaptive environment, whefghis represents a curved surfaceRA which shares two
the parameters are varied starting from a stable system, (@&raight) edges with each of the two triangles. A fifth
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edge of the stability region is the line between the pointsf (9) minus the zeroth row are the angular points of the
(1,—-1,-1)T and(—1, —1,1)", where the triangles meet. stability region forn = 6.
Even though the stability region is a closed space, the To conclude, we note that there are, of course, critical
boundary of which is given by only three equations, it igonstraints in the continuous-time case as well, follow-
not sufficient to describe it by the critical constraints onlying from the common denominator of the entrieskft.
The problem is that a point outside the pyramid given bgiven by (25). If we take), > 0 there are only two crit-
(12) can satisfy all three critical constraints, made possial constraints, given by, > 0 andI',,_; > 0, since
ble by the fact thaf\;, which is negative in the unstabledet C = b,,I',,_; from (33). Starting from a stable point
half of the pyramid, can change sign back when passing the coefficient spacéb,,...,b,}, e.g. found from the
its edges. For example, the po{6t 8, 2)” meets all criti-  coefficients of(s + 1)", we need only test for sign changes
cal conditions but is definitely not a stable point, since thef b, > 0 andI',,_; > 0 when varying the parameters
polynomialz? + 622 + 8z + 2 has three real roots, two of b;. For example, in the second-order case the constraints
which are outside the unit circle and, indeeﬁdj <0.To by > 0andI'y = b; > 0 are critical and no other condi-
conclude this paragraph on the third-order case, we ndten results from Theorem 1. Fer = 3, we haveb; > 0
two things. First, the fourth stability conditiozﬁgr > 0, andbiby — bpbs > 0 as critical constraints, whereas (34)
which is quadratic, can be replaced with the simple lineadditionally require$; > 0 to exclude the possibility of
conditionas < 3, given that the critical constraints are metp; andb, both being negative. (Remember that we need to
as some basic algebra will confirm. Secondly, of the fowstay in the positive quadrant, the equivalent of the pyramid
angular points of the stability region two are on all threé the discrete-time case.) Finally far= 4, b, > 0 and
sides of its boundary, i.¢1, —1, —1)7 and(—1, —1,1)7.  bybabs — byb3 — b?by > 0 are critical, whileb; > 0 and
Looking at the generat-th order discrete-time system, b1b2 — bobz > 0 are necessary extra conditions in general.
we can state the following. The stability region is a closebiote that the latter condition can be replacedbpy> 0,
part of the coefficient spadeus, . . ., a, }, the boundary of SO only one (nonlinear) constraint remains as long as all
which has two ‘flat’ sides given by the linear equationparameters are taken positive. (Unfortunately, this is no
1+Y",a; = 0andl + 3" ,(~1)*a; = 0, and one longer true fromn = 5 upwards.) This then also means
warped side (for > 2) given by the nonlinear equation that, apart from the condition of positivity of the expres-
A, = 0, which contains the coefficient, to the power sion in (45), a fourth-order discrete-time system is stable
n— 1 and which cannot be factored or simplified further. Iwith the linear conditions + a; + a2 + a3 + a4 > 0 and
represents a curved surfaceRf through alln+1 angular  24a1 Fas —2a4 > 0 (equivalent tahy, b3 > 0), the latter
points of the stability region found from the coefficients ofair replacing the two quadratic conditions in the previous
(z+1)"I(z — 1)J. Of these angular points,— 1 are on paragraph.
all three sides of the stability region, the two outliers (the
points furthest from the origin) found from the coefficients
os(z &+ 1) being the exception. From this description we By looking at the covariance matrices of the associated
get a fair impression of what theth order stability region linear systems, we have gained an insight into the mecha-
of a discrete-time system looks like. Writing out the curve@iism behind the classical polynomial stability tests, espe-
surface part of its boundary for = 4 yields: A; = 0= cially into the form and shape of the stability region in the
coefficient space. The critical constraints for stability that
1—ap+ajaz—a—a?as+a)azas+2as04—asa>—as—a2+a; — are of interest from a systems viewpoint are simply found
(45) from the determinants of the generating matri¢gsand
which indeed contains the five angular poifts6, 4, 1), D, of the form (20) and (22), for finding the covariance.
(2,0,—-2,—-1)T, (0,-2,0, )T, (-2,0,2,-1)T and
(—4, 6, —4, 1)T. Apart from the three critical constraints

AT nd1 4+ + there are two other [1] F.R. Gantmacher,The theory of matricesvol. Il, New York:
3 >0a dl+a;+as+az+as > 0, there are two othe Chelsea Publishing Co., 1959, Chapter 15.

(quadratic) Condltlons resulting from Theorem 2, given b}é] A. Hurwitz, “Uber die Bedingungen, unter welchen eine Gleichung
1+ a3 Faaq — a4 > 0, necessary if we are testing the  nur Wurzeln mit negativen reellen Teilen besitzifath. Ann.46,
stability of an arbitrary point in the coefficient space. For pp. 273-284, 1895.

n > 4 the expressions for the nonlinear critical constrairg] E:l- Jury. Theory and application of the z-transform methdéew
York: John Wiley & Sons Inc., 1964, Chapter 3.

become increasingly large, but the angular points of tl’[? I. Schur, ‘Uber Potenzreihen, die im Innern des Einheitskreises
stability region are still easy to determine from the matri- = peschankt sind,” Journal fir Mathematik vol. 147, pp. 205-232,

cesT',, given in Section Il. For example, the seven columns 1917, and also voll48 pp. 122-145, 1918.
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